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µn-ACTIONS ON K3 SURFACES IN POSITIVE
CHARACTERISTIC
YUYA MATSUMOTO
Abstract. In characteristic 0, symplectic automorphisms of K3 sur-
faces (i.e. automorphisms preserving the global 2-form) and non-symplectic
ones behave differently. In this paper we consider the actions of the
group schemes µn on K3 surfaces (possibly with rational double point
singularities) in characteristic p, where n may be divisible by p. We
introduce the notion of symplecticness of such actions, and we show
that symplectic µn-actions have similar properties, such as possible or-
ders, fixed loci, and quotients, to symplectic automorphisms of order n
in characteristic 0. We also study local µn-actions on rational double
points.
1. Introduction
K3 surfaces are proper smooth surfacesX with Ω2X
∼= OX andH
1(X,OX) =
0. The first condition implies that X admits an everywhere non-vanishing
2-form, and such a 2-form is unique up to scalar. An automorphism of a
K3 surface is called symplectic if it preserves the global 2-form. It is known
that symplectic and non-symplectic automorphisms behave very differently.
For example, Nikulin [Nik79, Sections 4–5] proved that quotients of K3
surfaces in characteristic 0 by a symplectic action of a finite group G has
only rational double points (RDPs for short) as singularities and that the
resolutions of the quotients are again K3 surfaces. Moreover he determined
the number of fixed points (which are always isolated) if G is cyclic. To the
contrary, the quotients by non-symplectic actions of finite groups are never
birational to K3 surfaces; instead they are birational to either Enriques
surfaces or rational surfaces.
These results hold in characteristic p > 0 provided p does not divide the
order of G (see Theorem 5.1), but are no longer true for order p automor-
phisms in characteristic p. In this case the notion of symplecticness is useless,
since any such automorphism is automatically symplectic (since there are no
nontrivial p-th root of unity in characteristic p) and, for small p, there exist
examples of automorphisms with non-K3 quotients (see [DK01],[DK09]).
In this paper we consider actions of the finite group schemes µn on RDP
K3 surfaces (by which we mean surfaces with RDP singularities whose res-
olutions are K3 surfaces), where n may be divisible by p. It is essential to
allow RDPs since smooth K3 surfaces never admit actions of µp (see Remark
2.3). We introduce the notion of symplecticness and fixed points of such ac-
tions (Definitions 2.6 and 2.11). Then we prove the following properties,
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which are parallel to the properties of automorphisms of order not divisible
by the characteristic. In the following statements we assume all actions to
be faithful.
Theorem 1.1 (Theorems 6.1 and 6.2). Let X be an RDP K3 surface in
characteristic p, equipped with a µn-action. If the action is symplectic, then
the quotient X/µn is an RDP K3 surface. If n = p and the action is non-
symplectic, then the quotient X/µp is an Enriques surface with RDPs if the
action is fixed-point-free (which is possible only if p = 2), and otherwise it
is a rational surface.
Theorem 1.2 (Theorems 7.1 and 8.2). • There exists an RDP K3 sur-
face X in characteristic p equipped with a µp-action if and only if
p ≤ 19.
• If X is an RDP K3 surface X in characteristic p equipped with a
µn-action, then φ(n) ≤ 20, in particular n ≤ 66. Moreover, for each
p we determine the set of n for which such an action exists.
• For each p, there exists an RDP K3 surface X in characteristic p
equipped with a symplectic µn-action if and only if n ≤ 8, and then
there are exactly (24/n)
∏
l:prime,l|n(l/(l + 1)) fixed points (counted
with suitable multiplicities).
To prove the main results we first study (in Sections 3 and 4) µn-actions
on local rings of surfaces at smooth points and RDPs. We define the notion
of symplecticness of such actions (Definitions 3.1 and 4.1) and prove the
following result.
Theorem 1.3 (Theorem 4.7 and Proposition 4.9). Let X be the localization
at a closed point z of an RDP surface in characteristic p equipped with a
µp-action. Let π : X → X/µp be the quotient morphism.
• If z is not fixed by the action, then π(z) is either a smooth point or
an RDP.
• If z is fixed and the action is symplectic at z, then z is an isolated
fixed point and π(z) is an RDP.
• If z is an isolated fixed point and the action is non-symplectic at z,
then π(z) is a non-RDP singularity.
We classify the possible actions in the non-fixed case (Table 3) and the sym-
plectic case (Table 4).
Moreover we also give a partial classification of local µpe- and µn-actions
(Propositions 4.12 and 4.13) and a complete classification of local symplectic
µn-actions (Proposition 4.14). We hope that these local results would have
other applications than K3 surfaces.
The results on µn-quotients, orders of symplectic µn-actions, and orders of
µn-actions on K3 surfaces are discussed in Sections 6, 7, and 8 respectively.
In Section 9 we give several examples of µn-actions on K3 surfaces.
Throughout the paper we work over an algebraically closed field k of
char k = p ≥ 0. Varieties are separated integral k-schemes of finite type
(not necessarily proper or smooth), and surfaces are 2-dimensional varieties.
We denote the smooth locus of a variety X by Xsm.
µn-ACTIONS ON K3 SURFACES IN POSITIVE CHARACTERISTIC 3
Table 1. Surfaces with numerically-trivial canonical divisors
dimH1(OX) b1 b2 ord(KX) char
abelian 2 4 6 1 any
K3 0 0 22 1 any
Enriques 0 0 10 2 any
Enriques 1 0 10 1 2
(quasi-)hyperelliptic 1 2 2 2, 3, 4, 6 any
(quasi-)hyperelliptic 2 2 2 1 2, 3
2. Preliminaries
2.1. K3 surfaces and rational double points. Rational double point
singularities (RDPs) of surfaces are precisely the canonical surface singular-
ities that are not smooth. They are classified into types An (n ≥ 1), Dn
(n ≥ 4), En (n = 6, 7, 8) by the Dynkin diagram appearing as the dual graph
of the exceptional curves of the minimal resolution. The number n is equal
to the number of the exceptional curves, and we say that the RDP is of
index n. The Dynkin diagram determines the formal isomorphism class of
an RDP except in certain cases in characteristic 2, 3, 5. For the exceptional
cases we use Artin’s notation Drn and E
r
n (see [Art77]).
Definition 2.1. Bombieri–Mumford [BM77] classified proper smooth sur-
faces X with numerically-trivial canonical divisor KX : they consist of four
classes, with the characterizing properties as showed in Table 1. Here
bi = dimH
i
e´t(X,Ql) is the i-th l-adic Betti number for an auxiliary prime
l 6= char k. Enriques and (quasi-)hyperelliptic surfaces in characteristic 2
and 3 may have unusual values of dimH1(OX) and ord(KX).
The distinction between hyperelliptic and quasi-hyperelliptic surfaces is
not important in this paper. Also the choice of the origin of an abelian
surface is not important.
Definition 2.2. RDP surfaces are surfaces that have only RDPs as singu-
larities (if any). Hence, any smooth surface is an RDP surface by definition.
RDP K3 surfaces are proper RDP surfaces whose minimal resolutions
are (smooth) K3 surfaces. We similarly define RDP abelian, RDP Enriques,
and RDP (quasi-)hyperelliptic surfaces.
Since abelian surfaces and (quasi-)hyperelliptic surfaces do not admit
smooth rational curves, any RDP abelian or RDP (quasi-)hyperelliptic sur-
face is smooth.
Remark 2.3. Smooth K3 surfaces in characteristic p > 0 admit no nontriv-
ial global vector fields (Rudakov–Shafarevich [RS76, Theorem 7], Nygaard
[Nyg79, Corollary 3.5]), and hence admit no nontrivial actions of µp (or αp).
However RDP K3 surfaces may admit such actions.
Proposition 2.4. For any RDP surface X, the pullback by the morphism
Xsm ∼= X˜ \ E →֒ X˜ to the resolution X˜ of X induces an isomorphism
H0(Xsm, (Ω2X)
⊗n) ∼= H0(X˜, (Ω2
X˜
)⊗n), where E is the exceptional divisor.
Non-vanishing forms on one side correspond to non-vanishing ones on the
other side.
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Proof. This follows from the following local version applied repeatedly. 
Proposition 2.5. Let (A,m) be the localization at a closed point of an RDP
surface. Then H0(SpecA \ {m},Ω2A/k) is a free A-module of rank one. If A
is smooth then this space is isomorphic to H0(SpecA,Ω2A/k). If A is an RDP
and (A′,m′) is the localization at a closed point of BlmA then any generator
of the above space extends to a generator of H0(SpecA′ \ {m′},Ω2A′/k).
Proof. If A is smooth then the assertion is clear. Suppose A is an RDP. Since
it suffices to show after a faithfully flat e´tale base change, we will show that
H0(Spec Aˆ \ {m},Ω2
Aˆ/k
) is free of rank one, where Aˆ is the completion of A
at m. We have Aˆ = k[[x1, x2, x3]]/(F ) for some formal power series F . Let
Fxi = ∂F/∂xi ∈ k[[x1, x2, x3]]. Then Fx1 = Fx2 = Fx3 = 0 only at the origin
of Spec Aˆ. The equality
∑
i Fxidxi = dF = 0 in Aˆ implies that the elements
(Fxi)
−1dxi+1 ∧ dxi+2 on Spec Aˆ[(Fxi)
−1] (the indices are considered modulo
3) glue to an element ω ∈ H0(Spec Aˆ \ {m},Ω2
Aˆ/k
). Since ω generates Ω2
Aˆ/k
at each point on Spec Aˆ \ {m} it generates the space in question.
To show the latter assertion it suffices to consider Â′ = k[[x1, x
′
2, x
′
3]]/(F1)
with maximal idealm′, where x′i = xi/x1 and F1(x1, x2/x1, x3/x1) = x
−2
1 F (x1, x2, x3).
Define ω′ ∈ H0(Spec Â′ \ {m′},Ω2
Â′/k
) similarly. We show that ω′ coincides
with the pullback of ω. It suffices to show this on Spec Â′[((F1)x′2)
−1] and on
Spec Â′[((F1)x′3)
−1], and by symmetry it suffices to show on the former one,
and we have ω′ = ((F1)x′2)
−1dx′3∧dx1 = (x
−1
1 Fx2)
−1(x−11 dx3)∧dx1 = ω. 
2.2. Group schemes. Recall that we are working over an algebraically
closed field k.
We consider finite commutative group schemes G of multiplicative type
over k. This means that G is of the form
∏
j µmj for some positive integers
mj. The Cartier dual G
∨ = Hom(G,Gm) of G is a finite e´tale group scheme
and can be identified with the finite group G∨(k) of k-valued points. Using
this finite commutative group G∨ we have the following explicit description:
G = Speck[ti]i∈G∨/(titj − ti+j , t0 − 1), with the group operations m : G ×
G → G, e : Spec k → G, i : G → G given by m∗(ti) = ti ⊗ ti, e
∗(ti) = 1,
i∗(ti) = t−i.
A k-morphism α : G×SpecB → SpecB given by α∗(b) =
∑
i∈G∨ ti⊗fi(b)
is an action if and only if (fi)i : B →
⊕
iBi, where Bi = Im(fi), defines a
decomposition to k-vector subspaces satisfying BiBj ⊂ Bi+j and (fi) forms
projections (i.e.
∑
i fi = 1, f
2
i = fi, and fifj = 0 for i 6= j). We say an
element b or a subset of Bi to be homogeneous of weight i and we write
wt(b) = i.
Such a decomposition B =
⊕
iBi naturally extends to a decomposi-
tion Ω∗B/k =
⊕
i(Ω
∗
B/k)i satisfying d(Bi) ⊂ (Ω
1
B/k)i and (Ω
∗
B/k)i(Ω
∗
B/k)j ⊂
(Ω∗B/k)i+j .
If G acts on a scheme X that is not necessarily affine but admits a cover-
ing by G-stable affine open subschemes (which is the case if e.g. X is quasi-
projective or G is local), then the G-action induces decompositions OX =
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i(OX)i, Ω
∗
X/k =
⊕
i(Ω
∗
X/k)i, andH
0(X, (Ω∗X/k)
⊗n) =
⊕
i(H
0(X, (Ω∗X/k)
⊗n))i,
compatible with multiplications.
If char k does not divide the order of G∨, then Bi is the eigenspace for
the action of G(k) with eigenvalue i ∈ G∨(k) = Hom(G(k), k∗).
If char k = p > 0 andG∨ is cyclic of order p (henceG ∼= µp = Speck[t1]/(t
p
1−
1) for a choice of generator 1 of G∨) then giving such a decomposition is
also equivalent to giving a k-derivation D on B of multiplicative type (i.e.
Dp = D) under the correspondence Bi = B
D=i = {b ∈ B | D(b) = ib} (this
correspondence depends on the choice of generator 1 of G∨). Moreover D
extends to a k-linear endomorphism on Ω∗B/k satisfying D(df) = d(D(f)),
Dp = D, and the Leibniz rule D(ω ∧ η) = ω ∧D(η) +D(ω) ∧ η.
Now we generalize the notion of symplecticness of automorphisms to ac-
tions of group schemes like µn.
Definition 2.6. Let G be a finite group scheme whose identity component
G0 is commutative and of multiplicative type, and whose e´tale part G/G0 is
tame (i.e. of order not divisible by char k). LetX be either an abelian surface
or an RDP K3 surface, equipped with an action of G. We say that the action
is symplectic if the weight of the 1-dimensional space H0(Xsm,Ω2X/k) with
respect to the action of G0 is 0, and G/G0 acts on H0((X/G0)sm,Ω2(X/G0)/k)
trivially.
Remark 2.7. As we will see (Theorem 6.1), under the former condition
X/G0 is either an abelian surface or an RDP K3 surface, and hence by
Proposition 2.4 the latter condition is equivalent to the action of G/G0 on
X˜/G0 being symplectic in the classical sense. In particular, if G0 = 1 then
our definition is equivalent to the classical one.
On the other hand, if G is commutative and of multiplicative type (not
necessarily local), then the action is symplectic if and only if the weight of
the 1-dimensional space H0(Xsm,Ω2X/k) with respect to the action of G is
0 (Proposition 6.5). This suggests that our definition of the symplecticness
of µn-actions is a natural generalization of that of Z/mZ-actions (order m
automorphisms) for m not divisible by char k.
Remark 2.8. Since an order p automorphism in characteristic p > 0 always
preserves the global 2-form (since there are no nontrivial p-th roots of unity)
we exclude e´tale groups of order divisible by p in Definition 2.6. We do not
know whether there is a useful notion of symplecticness in a larger class of
group schemes containing Z/pZ or αp.
Remark 2.9. The reader might notice that in Definition 2.6 the condition
of G0 being commutative and of multiplicative type can be weakened to
admitting a composition series {1} = H0 ⊂ H1 ⊂ · · · ⊂ Hm = G
0 where each
Hi−1 ⊂ Hi is a normal subgroup scheme with quotient Hi/Hi−1 isomorphic
to µp, and that the symplecticness can be defined inductively. However by
the next lemma this condition holds only if G0 is commutative.
Lemma 2.10. Let G be a finite local group scheme over an algebraically
closed field k of characteristic p > 0 and N ⊂ G a normal subgroup scheme.
Assume N and G/N are commutative and of multiplicative type (i.e. N ∼=
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i µpni for some non-negative integers ni and similarly for G/N). Then so
is G.
Proof. If G1, G2 are finite local commutative group schemes of multiplicative
type, then the group functor Hom(G1, G2) defined by Hom(G1, G2)(S) =
Homgp.sch.((G1)S , (G2)S) is represented by a finite e´tale group scheme. For
example Hom(µpe , µpf ) is isomorphic to Z/p
min{e,f}Z. Also Aut(G1) is a
finite e´tale group scheme since it is a subscheme of End(G1) = Hom(G1, G1).
It suffices to show that G is commutative (then we conclude by Cartier
duality).
The group homomorphism Ad: G → Aut(N) is trivial since G is local
and Aut(N) is e´tale. Thus N is contained in the center of G.
Consider the commutator morphism [−,−] : G×G→ G : (a, b)→ aba−1b−1
(which is a morphism of schemes, a priori not a homomorphism of group
schemes). Since H = G/N is commutative this morphism takes values
in N . Since N is central this morphism factors through H × H. Hence
we have [−,−] : H × H → N . Then [a, bc] = [a, b]b[a, c]b−1 is equal to
[a, b][a, c] since Im[−,−] ⊂ N is contained in the center of G, which means
that [a,−] : HS → NS is a group homomorphism for each a ∈ H(S). It
follows from the same argument that a 7→ [a,−] is a group homomorphism
H →Hom(H,N). Since H is local and Hom(H,N) is e´tale this homomor-
phism is trivial. Thus G is commutative. 
2.3. Derivations of multiplicative type. In this section assume char k =
p > 0.
Recall that, given an action of a group scheme G on a scheme X, the
fixed point scheme XG ⊂ X is characterized by the property XG(T ) =
HomG(T,X) for any k-scheme T equipped with the trivial G-action. If
G = µp and D is the corresponding derivation, we write Fix(D) = X
G and
also call it the fixed locus of D.
Definition 2.11. We say that a closed point z ∈ X is fixed by the µn-action,
or by the corresponding derivation if n = p, if z ∈ Xµn .
Proposition 2.12. Let k be an algebraically closed field. Let X = SpecB
be a Noetherian affine local k-scheme equipped with a µpe-action. For each
closed point z ∈ X, the assertions (1)–(4) are equivalent. If e = 1 and D is
the corresponding derivation then the assertions (1)–(6) are equivalent, and
if moreover X is a smooth variety then also (7) is equivalent.
(1) z is a µpe-fixed point.
(2) The maximal ideal mz of OX,z is generated by homogeneous elements.
(3) The canonical morphism B → B/mz is µpe-equivariant, where B/mz
is equipped with the trivial action (i.e. the decomposition concen-
trated on (−)0).
(4) Bi ⊂ mz for each i 6= 0.
(5) D(mz) ⊂ mz.
(6) D(OX,z) ⊂ mz.
(7) D has singularity at z in the sense of [RS76, Section 1].
Finally, if (1) holds then the µpe-action extends to the blow-up BlzX.
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Proof of Proposition 2.12. Let B =
⊕
i∈Z/peZBi be the corresponding de-
composition.
(1 ⇐⇒ 3) By the definition of Xµp , a closed point z ∈ X is a (k-valued)
point of Xµp if and only if B → B/mz is compatible with the projections
pri to the i-th summand (−)i for all i, where B/mz is equipped with the
trivial decomposition.
(2 ⇐⇒ 3) If (3) holds then we have pri(mz) ⊂ mz for all i, and then
each element x of mz is the sum of homogeneous elements pri(x) ∈ mz.
Conversely if mz is generated by homogeneous elements then pri(mz) ⊂ mz
for all i, which implies (3).
(3 ⇐⇒ 4) Easy.
Assume e = 1.
(2 ⇐⇒ 5) Assume D(mz) ⊂ mz. Take a system of generators (xj) of mz.
For each j let xj =
∑
i∈Fp xj,i be the decomposition of xj in B =
⊕
iBi.
Then Dl(xj) =
∑
i i
lxj,i is also in mz. Since the matrix (i
l)p−1i,l=0 is invertible
in k, this implies xj,i ∈ mz. Thus mz is generated by eigenvectors. The
converse is clear.
(5 ⇐⇒ 6) This is clear since OX,z = mz + k and D|k = 0.
(5 ⇐⇒ 7) Take a coordinate x1, . . . , xn at a point z and write D =∑
j fj · (∂/∂xj). Then the both conditions are equivalent to (fj) ⊂ mz.
We show the final assertion assuming (2). If the maximal ideal m is
generated by homogeneous elements xj ∈ Bij , then for each j we can extend
the action on the affine piece SpecB[xh/xj]h of BlzX by declaring xh/xj to
be homogeneous of weight ih − ij . 
The next lemma enables us to take a useful coordinate at a point not
fixed by D.
Lemma 2.13. If B is a Noetherian local ring, D is a derivation of mul-
tiplicative type, and the closed point is not fixed by D, then the maximal
ideal m of B is generated by elements x1, . . . , xm−1, y with wt(xj) = 0 and
wt(1 + y) = 1. If m is generated by n elements then we can take m = n. If
dimB ≥ 2 then D does not extend to a derivation of the blow-up BlmB.
Proof. Recall that a subset of m generates m if and only if it generates m/m2.
Take a set x′1, . . . , x
′
m generating m and let x
′
j =
∑
i∈Fp x
′
j,i be the de-
compositions to eigenvectors. By assumption there exists a pair (j, i) with
x′j,i 6∈ m. We take such j0, i0 and we may assume i0 6= 0. We may assume
x′j0,i0 − 1 ∈ m. Then y = x
′
j0,i0
− 1 satisfies y ∈ m and D(y) = i0(y + 1).
We have y 6∈ m2, since D(m2) ⊂ m. By replacing y with (y + 1)q − 1 for
an integer q with qi0 ≡ 1 (mod p) we may assume i0 = 1. For each j,
let xj =
∑
i(y + 1)
−ix′j,i. Then we have D(xj) = 0 and, since xj ≡ x
′
j
(mod (y)), the elements xj, y generate m/m
2 and hence generate m. We can
omit one of the xj ’s and then the remaining elements satisfies the required
conditions (after renumbering).
To show the latter assertion it suffices to show that D does not extend to
B′ := B[xj/y]j . If it extends then we have D(xj/y) = −xj(y + 1)/y
2 ∈ B′,
hence xj/y
2 ∈ B′ and then on SpecB′ we have that y = 0 implies xj/y = 0,
which is impossible since dimB′ ≥ 2. 
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Before stating the next proposition we recall the following notion from
[RS76]. A nontrivial derivation D on a smooth variety is locally of the form∑m
j=1 gj · (∂/∂xj) for a local coordinate x1, . . . , xm, and letting h = gcd{gj}
and gj = hg
′
j , the fixed locus Fix(D) consists of the divisorial part (h = 0)
and non-divisorial part (g′1 = · · · = g
′
m = 0). D is said to have only divisorial
singularity if the latter is empty. If D is of multiplicative type and has only
divisorial singularity then it follows from Proposition 2.12 that for a suitable
coordinate near any fixed point we have D = axm ·(∂/∂xm) and that Fix(D)
is a smooth divisor (possibly empty).
Assuming D has only divisorial singularities, in which case the quotient
is a smooth variety by [Ses60, Proposition 6], the highest differential forms
on smooth loci of X and XD are related in the following way.
Proposition 2.14. Let X be a smooth variety of dimension m (not neces-
sarily proper) equipped with a nontrivial derivation D of multiplicative type
having only divisorial singularity. Let ∆ be the divisor Fix(D). Then there
is a unique collection of isomorphisms
(π∗(Ω
m
X/k(∆))
⊗n)0 ∼= (Ω
m
XD/k(π∗(∆)))
⊗n
for all integers n, compatible with multiplication, preserving the zero loci,
and sending (for n = 1)
f0 · df1 ∧ · · · ∧ dfm−1 ∧ d log(fm) 7→ f0 · df1 ∧ · · · ∧ dfm−1 ∧ d log(f
p
m)
if f0, . . . , fm−1 are homogeneous of weight 0 and fm is homogeneous of some
weight (not necessarily 0).
In particular, if the action is fixed-point-free, then we have isomorphisms
(π∗(Ω
m
X/k)
⊗n)0 ∼= (Ω
m
XD/k)
⊗n and
H0(X, (ΩmX/k)
⊗n)0 ∼= H
0(XD, (ΩmXD/k)
⊗n)
with the same properties.
Proof. The isomorphism for n = 0 is clear. It suffices to construct the
isomorphism for n = 1 that is compatible with multiplication with n = 0
forms and with restriction to open subschemes.
Take a closed point z ∈ X. Let ε = 1 (resp. ε = 0) if z 6∈ ∆ (resp.
z ∈ ∆). By Lemma 2.13 (resp. by [RS76, Theorem 1]), there is a coordinate
x1, . . . , xm on a neighborhood of z with D(xj) = 0 for j < m and D(xm) =
a(ε+ xm) for some a ∈ F∗p. We define
φ : (π∗(Ω
m
X/k(∆)))0 → Ω
m
XD/k(π∗(∆))
f · dx1 ∧ · · · ∧ dxm−1 ∧ d log(ε+ xm) 7→ f · dx1 ∧ · · · ∧ dxm−1 ∧ d log(ε+ x
p
m)
for f of weight 0 (note that dx1 ∧ · · · ∧ dxm−1 ∧ d log(ε + xm) is a local
generator of the left-hand side). We show that then φ sends
f0 · df1 ∧ · · · ∧ dfm−1 ∧ d log(fm) 7→ f0 · df1 ∧ · · · ∧ dfm−1 ∧ d log(f
p
m)
for any f0, . . . , fm−1 and fm as in the statement. This implies that φ does
not depend on the choice of the coordinate and hence that φ induces a well-
defined sheaf morphism. Then since dx1 ∧ · · · ∧ dxm−1 ∧ d log(ε+xm) (resp.
dx1 ∧ · · · ∧ dxm−1 ∧ d log(ε+ x
p
m)) is a local generator of (ΩmX/k(∆))0 (resp.
µn-ACTIONS ON K3 SURFACES IN POSITIVE CHARACTERISTIC 9
Ωm
XD/k
(π∗(∆))), it follows that φ is an isomorphism and φ
⊗n are well-defined
isomorphisms.
We may pass to the completion, so consider fh ∈ k[[x1, . . . , xm]]. By the
assumption on the weight we have fh ∈ k[[x1, . . . , xm−1, x
p
m]] for h < m and
fm ∈ (ε + xm)
bk[[x1, . . . , xm−1, x
p
m]] for some 0 ≤ b < p. Then we have
∂fh/∂xm = 0 for h < m and ∂fm/∂xm = bfm/(ε + xm). Hence we have
f0 · df1 ∧ · · · ∧ dfm−1 ∧ d log(fm)
= f0((ε+ xm)/fm) det(∂fh/∂xj)1≤h,j≤m · dx1 ∧ · · · ∧ dxm−1 ∧ d log(ε+ xm)
= bf0 det(∂fh/∂xj)1≤h,j≤m−1 · dx1 ∧ · · · ∧ dxm−1 ∧ d log(ε+ xm)
φ
7→ bf0 det(∂fh/∂xj)1≤h,j≤m−1 · dx1 ∧ · · · ∧ dxm−1 ∧ d log(ε+ x
p
m).
On the other hand, in the invariant subalgebra k[[x1, . . . , xm−1, x
p
m]] we have
∂fpm/∂xj = 0 for j < m and ∂f
p
m/∂x
p
m = bf
p
m/(ε + x
p
m). Hence we have
f0 · df1 ∧ · · · ∧ dfm−1 ∧ d log(f
p
m)
= · · · = bf0 det(∂fh/∂xj)1≤h,j≤m−1 · dx1 ∧ · · · ∧ dxm−1 ∧ d log(ε+ x
p
m).
The assertion follows. 
Lemma 2.15. Let G′ be a commutative group scheme of multiplicative type
and N ⊂ G′ a normal subgroup scheme isomorphic to µp. Let X be a
smooth variety of dimension m equipped with an action of G′ and assume
the induced N -action is fixed-point-free. Proposition 2.14 gives a canonical
isomorphism between the two spaces
H0(X,Ωm)0∈N∨ =
⊕
i∈Ker(G′∨→N∨)
H0(X,Ωm)i and
H0(X/N,Ωm) =
⊕
j∈(G′/N)∨
H0(X/N,Ωm)j ,
where (−)0∈N∨ denotes the 0-th summand of the decomposition with respect
to the N -action. Then this isomorphism is compatible with the decomposi-
tions, i.e. we have H0(X,Ωm)φ(j)
2.14
↔ H0(X/N,Ωm)j , where φ : (G
′/N)∨ →
Ker(G′∨ → N∨) is the canonical isomorphism.
Proof. By shrinking X we may assume X = SpecB with decomposition
B =
⊕
i∈G∨ Bi and then we have X/N = SpecC, C =
⊕
j∈(G′/N)∨ Cj,
Cj = Bφ(j). Then elements of H
0(X,Ωm)0∈N∨ are locally generated by
f0 ·df1∧· · ·∧dfm−1∧d log(fm) with fh ∈ Bih , i0, . . . , im−1 ∈ Ker(G
∨ → N∨),
im ∈ G
∨. Using the description in Proposition 2.14 we observe that the
images of such elements have the desired weights. 
2.4. Global properties of derivations. Later we will also need the fol-
lowing Katsura–Takeda formula on rational vector fields (i.e. derivations on
the fraction field k(X)).
Proposition 2.16 ([KT89, Proposition 2.1]). Let X be a smooth proper
surface and D a nonzero rational vector field. Then we have
deg c2(X) = deg〈D〉 −KX · (D)− (D)
2,
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where 〈D〉 is the (0-cycle of) isolated singularity of D and (D) is the divi-
sorial singularity of D (see [RS76, Section 1] for the definition).
3. Tame symplectic actions on RDPs
Let (A,m) be the localization of an RDP surface X over an algebraically
closed field k at a closed point (either a smooth point or an RDP).
Definition 3.1. We say that an action of a finite group G on A is symplectic
if it acts on the 1-dimensional k-vector space H0(SpecA \ {m},Ω2A/k) ⊗A
(A/m) trivially.
Remark 3.2. IfA and G come from an action on an RDP K3 surfaceX then
this is consistent with the usual notion of symplecticness, since a generator of
H0(Xsm,Ω2) restricts to a generator of this 1-dimensional space. Thus the
symplecticness of an automorphism of an RDP K3 surface can be checked
locally at any fixed point (if there exists any). Same for abelian surfaces.
Proposition 3.3. Assume A is equipped with a symplectic action of a finite
group G of order not divisible by p = char k. Then the invariant ring AG is
again the localization at a closed point of an RDP surface.
Let X = SpecA and let X˜ → X be the minimal resolution. Then X˜/G→
X/G is crepant.
Proof. Let ω be a generator of the rank 1 free A-module H0(SpecA \
{m},Ω2A/k). The action of G on X = SpecA induces an action on the
minimal resolution X˜ and ω extends to a regular non-vanishing 2-form on
X˜. At each closed point z ∈ X˜ the stabilizer Gz ⊂ G acts on TzX˜ via
SL2(k) since G preserves ω. Hence the quotient X˜/G has only RDPs as
singularities. Since ω is preserved by G it induces a regular non-vanishing
2-form on (X˜/G)sm, and since RDPs are canonical singularities it extends
to a regular non-vanishing 2-form on the resolution ˜˜X/G of X˜/G. Thus AG
is a canonical singularity, that is, either a smooth point or an RDP.

Remark 3.4. We [Mat16a, Proposition 3.7] described possible symplectic
actions of finite tame groups on RDPs. For actions of cyclic groups we
have a complete classification: If X = SpecA is an RDP equipped with a
symplectic automorphism g of order n not divisible by the char k = p, then
possible n and the types of X and X/〈g〉 are listed in Table 2 in page 11.
Remark 3.5. Singularities of quotients by order p automorphisms in char-
acteristic p > 0 may be worse than RDPs. For example, the quotient of
a supersingular abelian surface in characteristic 2 by the automorphism
x 7→ −x is a rational surface with an elliptic singularity [Kat78, Theorem
C].
4. µn-actions on RDPs and quotients
4.1. Symplecticness of µn-actions.
Definition 4.1. Let A = OX,z be the localization of an RDP surface X over
an algebraically closed field k at a closed point z (either a smooth point or
µn-ACTIONS ON K3 SURFACES IN POSITIVE CHARACTERISTIC 11
Table 2. Tame symplectic cyclic actions on RDPs
n X X/〈g〉
any Am−1 Amn−1
2 Am−1 (m ≥ 4 even) Dm/2+2
4 Am−1 (m ≥ 3 odd) Dm+2
3 D4 (p 6= 2) E6
3 Dr4 (p = 2, r = 0, 1) E
r
6
2 Dm+2 D2m+2
2 E6 (p 6= 3) E7
2 Er6 (p = 3, r = 0, 1) E
r
7
an RDP). Assume A is equipped with a µn-action (n divisible by p or not)
and assume the closed point is fixed by the action. Then the action induces
a decomposition V = H0(SpecA \ {m},Ω2A/k) ⊗A (A/m) =
⊕
i∈Z/nZ Vi of
k-vector spaces. Since dimk V = 1, the decomposition is concentrated on a
unique weight i0 ∈ Z/nZ. We say that the µn-action (or the corresponding
derivation if n = p) on A is symplectic if i0 = 0.
We say that a µn-action, or a derivation D of multiplicative type, on an
RDP surface X is symplectic at a fixed closed point z if the induced action
or derivation on A = OX,z is symplectic in the above sense.
Remark 4.2. If p ∤ n, then this definition is consistent with Definition 3.1.
Remark 4.3. As in the tame case, if X is an RDP K3 surface and z ∈ X is
a fixed closed point then the action is symplectic in the sense of Definition
2.6 if and only if action is symplectic at z. Thus the symplecticness of a
µn-action on an RDP K3 surface can be checked locally at any fixed point
(if there exists any). Same for abelian surfaces.
Remark 4.4. If A is as above, then the rank 1 free A-module H0(SpecA \
{m},Ω2A/k) admits a generator ω of weight i0. Indeed, take a generator ω
′,
let ω′ =
∑
i ω
′
i be its decomposition, and write ω
′
i = aiω
′ with ai ∈ A. Since
ω′ is a generator there exists i1 for which ai1 is a unit. Then i0 = i1 and
hence we can take ω = ω′i1 . If n = p then this means D(ω) = i0ω.
From this it follows that if µn acts on an RDP surface then the weight i0
is a locally constant function on the fixed locus.
Example 4.5. If A is the localization of k[x, y] at the origin (or its com-
pletion) with µn-action by wt(x, y) = (a, b), then the action is symplectic if
and only if a + b = 0 (in Z/nZ). Indeed, dx ∧ dy is a generator and is of
weight a+ b.
If A is the localization of k[x, y, z]/(F ) at the origin (or its completion),
x, y, z are given weights a, b, c ∈ Z/nZ, and F is a polynomial (or a formal
power series) having only monomials of the same weight d ∈ Z/nZ, then the
µn-action defined by the weight on x, y, z as above (such action exists under
this condition condition on F ) is symplectic if and only if d = a + b + c.
Indeed, H0(SpecA \ {m},Ω2A/k) is generated by ω = F
−1
x dy ∧ dz = F
−1
y dz ∧
dx = F−1z dx∧ dy and we have wt(F
−1
x ) = −(d− a) and wt(dy ∧ dz) = b+ c,
etc.
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4.2. µp-actions on RDPs. We identify µp-actions with the corresponding
derivations of multiplicative type.
The following notion is useful in studying µp-actions.
Definition 4.6. We say that an RDP surface X equipped with a µp-action
(equivalently a derivation D of multiplicative type) is maximal at a closed
point z ∈ X (not necessarily fixed) if either z ∈ X is a smooth point or
π(z) ∈ X/µp = X
D is a smooth point.
We say thatX ismaximal with respect to the µp-action (or the derivation)
if it is maximal at every closed point.
Many assertions on µp-actions can be reduced to the maximal case (see
Theorem 4.7(1), Lemma 4.8(2, and Proposition 6.6).
As noted in Section 2.3, we know by [Ses60, Proposition 6] (see also
[RS76, Theorem 1 and Corollary]) the quotient of a smooth variety by a
µp-action with no isolated fixed point is smooth. We need to consider, more
generally, the quotients of surfaces with RDP singularities and with isolated
fixed points.
Theorem 4.7. Let X be an RDP surface X equipped with a nontrivial µp-
action and z ∈ X a closed point. Let π : X → Y = X/µp be the quotient
morphism.
(1) Assume z is non-fixed. If z is a smooth point then π(z) ∈ Y is also
a smooth point. If z is an RDP then π(z) is either a smooth point
or an RDP. In either case X ×Y Y
′ → X is crepant, where Y ′ → Y
is the minimal resolution at π(z).
(2) If z is fixed and the action is symplectic at z, then z is an isolated
fixed point and π(z) is an RDP.
(3) If z is an isolated fixed point and the action is non-symplectic at z,
then π(z) is a non-RDP singularity.
First we consider non-fixed points.
Proof of Theorem 4.7(1). If z is a smooth point then taking a coordinate
x, y as in Lemma 2.13 (i.e. D(x) = 0 and D(y) = 1 + y) we have OˆY,pi(z) ∼=
k[[x, yp]], hence OY,pi(z) is smooth.
Assume z is an RDP. By Lemma 2.13 we have a coordinate x, y, z satis-
fying D(x) = D(y) = 0 and D(z) = 1 + z.
We classify all formal power series F ∈ k[[x, y, zp]] such that k[[x, y, z]]/(F )
defines an RDP at the origin, up to multiples by units, up to ignoring high
degree terms, and up to coordinate change preserving the invariant subring
k[[x, y, zp]] ⊂ k[[x, y, z]] (we do not require the coordinate change to pre-
serve the property D(z) = 1 + z). The result is showed in Table 3 in page
13 and in each case we observe that π(z) is either a smooth point or an
RDP and that X ×Y Y
′ is an RDP surface crepant over X. (The entries of
the singularities of X ×Y Y
′ is omitted if Y is already smooth.) A similar
classification is given in [EHSB12, Proposition 3.8], but they missed the case
of E07 in characteristic 3.
µn-ACTIONS ON K3 SURFACES IN POSITIVE CHARACTERISTIC 13
Table 3. Non-fixed µp-actions on RDPs
p equation X Y = X/µp X ×Y Y
′
any xy + zmp (m ≥ 2) Amp−1 Am−1 mAp−1
any xy + zp Ap−1 smooth —
5 x2 + y3 + z5 E08 smooth —
3 x2 + z3 + y4 E06 smooth —
3 x2 + y3 + yz3 E07 A1 E
0
6
3 x2 + z3 + y5 E08 smooth —
2 z2 + xy2 + xmy (m ≥ 2) D02m smooth —
2 x2 + yz2 + xym (m ≥ 2) D02m+1 A1 D
0
2m
2 x2 + xz2 + y3 E06 A2 D
0
4
2 z2 + x3 + xy3 E07 smooth —
2 z2 + x3 + y5 E08 smooth —
For example, consider X = Spec k[x, y, z]/(F ), F = xy+zmp with m ≥ 2.
Then X ′ = X ×Y Blpi(z) Y is covered by three affine pieces
X ′1 = Speck[x, y1, w1, z]/(y1 + x
m−2wm1 , xw1 − z
p), y1 = y/x, w1 = z
p/x,
X ′2 = Speck[x2, y, w2, z]/(x2 + y
m−2wm2 , yw2 − z
p), x2 = x/y, w2 = z
p/y,
X ′3 = Speck[x3, y3, z]/(x3y3 + z
(m−2)p), x3 = x/z
p, y3 = y/z
p.
One observes that Sing(X ′) consists of two Ap−1’s at the origins of X
′
1 and
X ′2 and, if m ≥ 3, one A(m−2)p−1 at the origin of X
′
3. Repeating this we
observe that X ×Y Y
′ has mAp−1.
Now we show the classification.
First assume p > 2. We may assume that the degree 2 part F2 is either
xy or x2. Assume F2 = xy. We may assume F has no xz
ip and yzjp. F
must have zmp and then it is Amp−1.
Assume F2 = x
2. Let F3 be the degree 3 part. Assume p > 3. Then we
may assume F3 = y
3. If p = 5 then F must have z5 and then it is E08 . If
p ≥ 7 it cannot be an RDP. Now assume p = 3. We may assume F3 = y
3 or
F3 = z
3. If F3 = z
3 then F must have y4 or y5 and then it is E06 or E
0
8 . If
F3 = y
3 then F must have yz3 and then it is E07 .
Now consider p = 2. If it is A1 then up to a coordinate change we have
F = xy + z2. Otherwise we may assume F2 = xy or F2 = x
2 or F2 = z
2. If
F2 = xy then as above it is Amp−1 with F = xy + z
mp.
Assume p = 2 and F2 = x
2. If F3 has yz
2 then F must have xym and
then it is D02m+1. If F3 has no yz
2 then F must have y3 and xz2 and then
it is E06 .
Assume p = 2 and F2 = z
2. Let F3 = (F3 mod (z)) ∈ k[[x, y]]. If F3 has
three distinct roots then we may assume F3 = x
2y + xy2 and then it is D04.
If F3 has two distinct roots then we may assume F3 = xy
2 and F must have
xmy and then it is D02m. If F3 has one (triple) root then we may assume
F3 = x
3 and F must have xy3 or y5 and then it is E07 or E
0
8 . 
Next we consider symplectic actions on fixed points.
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Lemma 4.8. We follow the notation of Theorem 4.7.
(1) Assume z is a fixed smooth point and D is symplectic at z. Then
z is an isolated fixed point and π(z) is an RDP of type Ap−1. The
eigenvalues of D on the cotangent space mz/m
2
z are of the form a,−a
for some a ∈ F∗p.
(2) Assume z is a fixed RDP and D is symplectic at z. Let X ′ =
BlzX → X. Then X
′ is an RDP surface, D uniquely extends to
a derivation D′ on X ′ which is symplectic at every fixed point above
z, and g : Y ′ = (X ′)D
′
→ Y is crepant.
Proof of Lemma 4.8. (1) By [RS76, Theorem 2] or Lemma 2.13 we have
D = ax · (∂/∂x) + by · (∂/∂y) with a, b ∈ Fp for some coordinate x, y, and
a, b are the eigenvalues of the action on the cotangent space. Since D is
nontrivial a and b are not both 0. As in Example 4.5 we have a + b = 0.
Hence both a and b are nonzero and z is an isolated fixed point of D. We
have OˆDX,z = k[[x
p, xy, yp]] and it is an RDP of type Ap−1.
(2) By Remark 4.4 and assertion (1), z is an isolated fixed point. By
Proposition 2.12, D uniquely extends to D′ on X ′. Let ω be a generator of
H0(SpecOX,z \ {z},Ω
2) with D(ω) = 0. Since z is an RDP, X ′ is again an
RDP surface, and it follows from Proposition 2.4 that ω extends to ω′ on
(X ′)sm which generates H0(SpecOX′,z′\{z
′},Ω2) at any closed point z′ ∈ X ′
above z, and that D′(ω′) = 0. Hence D′ is symplectic at every fixed point
above z. Since as above such fixed points are isolated, Y ′ is smooth outside
finitely many isolated points. Applying Proposition 2.14 to ω on X \ {z}
and ω′ on X ′ \ (Sing(X ′)∪Fix(D′)) we obtain 2-forms ψ on Y \ {π(z)} and
ψ′ on Y ′ \ π((Sing(X ′) ∪ Fix(D′))) which are non-vanishing. Comparing ψ
and ψ′ we observe that g is crepant. 
Proof of Theorem 4.7(2). By Remark 4.4 and Lemma 4.8(1), z is an isolated
fixed point. By shrinkingX we may assume that D has no fixed point except
z.
We construct a finite sequence (Xj ,Dj)0≤j≤n (n ≥ 0) of RDP surfaces
Xj and derivations Dj on Xj of multiplicative type that is symplectic at
each fixed point. Let (X0,D0) = (X,D). If Xj has no fixed RDP then we
terminate the sequence at n = j. If Xj has at least one fixed RDP, let Xj+1
be the blow-up of Xj at the fixed RDPs and Dj+1 the extension of Dj to
Xj+1. Since any RDP becomes smooth after a finite number of blow-ups at
RDPs, this sequence terminates at some n ≥ 0. By Lemma 4.8(2), Dj+1 on
Xj+1 is symplectic at each fixed point, and (Xj+1)
Dj+1 → (Xj)
Dj is crepant.
Since Yn = (Xn)
Dn has canonical singularity (i.e. has no singularity other
than RDPs) by Theorem 4.7(1) and Lemma 4.8(1), and since Yn → Y = X
D
is crepant, also Y has canonical singularity. If n > 0 then π(z) is not a
smooth point since Yn → Y is a crepant morphism non-isomorphic at that
point, and if n = 0 then π(z) is not a smooth point by Lemma 4.8(1). Hence
in either case π(z) is an RDP. 
Finally we consider non-symplectic actions on isolated fixed points.
Proof of Theorem 4.7(3). By Proposition 2.14 we have an isomorphism
(H0(SpecOX,z \ {z},Ω
2))0 ∼= H
0(SpecOY,pi(z) \ {π(z)},Ω
2)
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preserving the zero loci of 2-forms. If π(z) is either a smooth point or an
RDP then the right hand side has a non-vanishing 2-form and hence there is
a non-vanishing form ω on SpecOX,z \{z} of weight 0. Being non-vanishing,
ω is a generator of H0(SpecOX,z \ {z},Ω
2). But this contradicts the non-
symplecticness assumption. 
Moreover, we can classify all possible symplectic µp-actions on RDPs.
Proposition 4.9. Let (A,m) be the localization of an RDP surface at an
RDP, equipped with a nontrivial symplectic µp-action. Then m is generated
by three elements x, y, z of respective weight a, b, c subject to one equation
F = 0, where possible (a, b, c, F ) are given in Table 4 in page 16, up to
coordinate change (preserving the weights) and high degree terms of F and
F∗p-multiple on (a, b, c). The singularities of X, X
′ = BlzX, Y = X
D,
and Y ′ = (X ′)(D
′) are displayed, and one can check that Y ′ → Y is indeed
crepant.
About the notation in the table:
• A0 is a smooth point that is an isolated fixed point of D.
• [n] means that the RDP is not fixed by D.
• ⌊q⌋ := max{n ∈ Z | n ≤ q} denotes the integer part of a real q.
• q+ := max{q, 0} denotes the positive part of a real q.
• [∗]: It follows from the classification that for each (formal) isomor-
phism class of RDP there exists only one fixed symplectic derivation
up to isomorphism, except for the case of Dn−12n (n ≥ 3) in p = 2, in
which case there are two and they are distinguished by the degree 2
part F2 being a square of a homogeneous element or not. We distin-
guish them by notation Dn−12n and D
n−1
2n [∗]. We use the convention
that D14[∗] = D
1
4.
Remark 4.10. A polynomial f ∈ k[x1, . . . , xm] is called quasi-homogeneous
if, for some a1, . . . , am ∈ Z≥1, the monomials appearing in f have the same
degree with respect to a (i.e. degree of the monomial xi11 . . . x
im
m is i1a1 +
· · ·+imam). RDPs whose completions are not defined by quasi-homogeneous
polynomials, which exist only if p = 2, 3, 5, are precisely Drn and E
r
n with
r 6= 0. It follows from the classification given in Proposition 4.9 (resp. given
in Theorem 4.7(1), resp. which is omitted) that if an RDP of type Dn or En
admits a fixed symplectic (resp. non-fixed, resp. fixed non-symplectic) µp-
action then the singularity is not defined (resp. is defined, resp. is defined)
by a quasi-homogeneous polynomial. We do not know any explanation of
this phenomenon.
Proof. We classify tuples (a, b, c, F ) with a, b, c ∈ Fp, not all 0, and F ∈
k[[x, y, z]], up to multiples by units, up to coordinate change, and up to
high degree terms of F and F∗p-multiple on (a, b, c), such that F = 0 defines
an RDP and only monomials of weight a+ b+ c (mod p) appear in F , where
x, y, z are given respective weight a, b, c. The latter condition is equivalent
to saying that the derivation D on k[[x, y, z]] defined by wt(x, y, z) = (a, b, c)
induces a symplectic derivation on OˆX,z = k[[x, y, z]]/(F ) (see Example 4.5).
First assume the degree 2 part F2 contains a non-square monomial, say
xy. Then we have c = 0. If a + b 6= 0, a, b then F ∈ (x, y)2, which implies
1
6
Y
U
Y
A
M
A
T
S
U
M
O
T
O
T
a
b
l
e
4
.
S
y
m
p
le
ct
ic
µ
p
-a
ct
io
n
s
on
R
D
P
s p wt(x, y, z) equation X X ′ Y = X/µp Y ′ = X ′/µp
any 1,−1 — (smooth point) A0 — Ap−1 —
any 1,−1, 0 xy + zm (m ≥ 3) Am−1 Am−3 + 2A0 Amp−1 A(m−2)p−1 + 2Ap−1
any 1,−1, 0 xy + z2 A1 2A0 A2p−1 2Ap−1
3 0, 1,−1 x2 + y3 + z3 + y2z2 E16 A5[n] + 2A0 E
1
6 A1 + 2A2
3 0, 1,−1 x2 + y3 + z3 + y4z E18 E
0
7 [n] + 2A0 E
0
6 A1 + 2A2
2 1, 1, 0 x2 + z2 + xyz + y2z D14 A1 + 2A1[n] D
1
4 A3
2 1, 1, 0 x2 + z2 + y2z + xyzn−1 (3 ≤ n) D12n A1 +D
0
2n−2[n] D
0
4 A3
2 1, 1, 0 x2 + y2z + xyzn−r + z2r (3 ≤ n, 2 ≤ r ≤ n− 1) Dr2n D
r−1
2n−2 + A1 D
(3r−n)+
4r D
(3r−n−2)+
4r−4 +A3
2 1, 1, 0 x2 + z2 + xyz + y2n−2 (3 ≤ n) Dn−12n [∗] D
n−2
2n−2[∗] + A1[n] D
⌊n/2⌋
n+2 D
⌊(n−1)/2⌋
n+1
2 1, 1, 0 x2 + y2z + xyz + z3 D15 A3[n] + A1 + A0 D
2
6 A1 + A3 + A1
2 1, 1, 0 x2 + y2z + xyzn−1 + z3 (3 ≤ n) D12n+1 D
0
2n−1[n] + A1 + A0 D
(4−n)+
6 A1 + A3 + A1
2 1, 1, 0 x2 + y2z + xyzn−r + z2r+1 (3 ≤ n, 2 ≤ r ≤ n− 1) Dr2n+1 D
r−1
2n−1 + A1 D
(3r−n+1)+
4r+2 D
(3r−n−1)+
4r−2 +A3
2 1, 1, 0 x2 + z2 + z3 + xy3 E27 D
1
6 D
0
5 D
0
4
2 1, 1, 0 x2 + z3 + y4 + xyz E37 D
2
6 [∗] + A0 E
3
7 D
1
5 +A1
2 1, 1, 0 x2 + z3 + y4 + xy3 E38 E
2
7 + A0 E
2
7 D
0
5 +A1
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that F = 0 is not an RDP. If a + b = a then F ∈ (x), again not an RDP.
Same if a + b = b. So we have a + b = 0 and hence F ∈ k[[xp, xy, yp, z]].
Since F cannot belong to (x, y) there exists an integer m such that F has the
monomial zm. Let m be the smallest such integer. Then up to a coordinate
change F is equal to xy + zm.
Assume F2 does not contain any such monomials and F2 is not a square.
Then p 6= 2 and we may assume that F2 contains x
2 and y2. Then we have
2a = 2b = a + b + c, hence c = 0 and a = b, and we change the coordinate
so that we have F2 = xy, thus reducing this case to the previous one.
The case of square F2 remains. We may assume either F2 = x
2, or p = 2
and F2 = x
2 + z2 and a = 1 and c = 0.
Assume F2 = x
2. The degree 3 part F3 must contain a monomial of the
form yizj . Assume F3 has y
2z. Then by 2a = 2b + c = a + b + c we have
c = 0 and a = b. If p ≥ 3 then F ∈ (x, y)2 which is absurd. So we have
p = 2 and F ∈ k[[x2, xy, y2, z]]. F must have either some xgyzi and some zj
with g ≥ 1 odd, i ≥ 0, g+i ≥ 2, j ≥ 4 even (then D
j/2
2i+gj) or some xy
hzi and
some zj with h ≥ 1 odd, i ≥ 0, h + i ≥ 2, j ≥ 3 odd (then D
(j−1)/2
2i+h(j−1)+1).
In the first case if g ≥ 3 then by replacing F with (1 + xg−2yzi)−1F we can
replace (g, i) with (g − 2, i + j), hence eventually we may assume g = 1. In
the second case similarly we may assume h = 1.
Assume F3 has z
3 but no y2z. By 2a = 3c = a + b + c we have
(a, b, c) = (3b, b, 2b). We may assume (a, b, c) = (3, 1, 2). If p ≥ 5 then
F ∈ (x2, xyz, xy3, y6, y4z, y2z2, z3), and F = 0 cannot define an RDP. If
p = 3 then F ∈ k[[x, y3, yz, z3]]. We may assume F does not have xyz. To
define an RDP F must have y3 and must have one of y2z2, y4z, yz4. If it has
y2z2 then it is E16 and otherwise it is E
1
8 . If p = 2 then F ∈ k[[x
2, xy, y2, z]].
To define an RDP F must have y4 and must have xyz or xy3. If it has xyz
then it is E37 and otherwise it is E
3
8 .
Assume p = 2, F2 = x
2 + z2, a = 1, c = 0. We need b = 1. We have
F ∈ k[[x2, xy, y2, z]]. The degree 3 part F3 (whose possible monomials are
z3, x2z, xyz, y2z) must be nonzero modulo (x + z), and then it has either
one (triple) root or two (one double and one simple) roots or three roots
modulo (x+ z).
Assume it has three roots: this means F3 has xyz and y
2z. Then it is D14.
Assume it has two roots: this means F3 has exactly one of xyz and y
2z.
Assume F has xyz and no y2z. F moreover needs xyi, yjz, or yl. Replacing
z with z + xyi−1 (resp. x with x+ yj−1z) we may assume there are no xyi
(resp. yjz) of low degree. Thus we have F = x2 + z2 + xyz+ yl, l ≥ 4 even,
which gives D
l/2
l+2[∗]. Now assume F has y
2z and no xyz. After a coordinate
change we may assume F has xgyzi with g ≥ 1 odd and i ≥ 0 and g+ i ≥ 3,
and then it is D12(g+i). As in the D
j/2
2i+gj case we may assume g = 1.
Assume it has one root: this means F3 does not have xyz nor y
2z, and the
coefficients of x2z and z3 are unequal. By replacing F with (1 + ex2z)−1F
(where e is the coefficient of x2z) we may assume F does not have x2z. F
moreover needs xy3, and then it is E27 . 
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4.3. µn-actions on RDPs. In this section we use the convention that a
smooth point is of type A0.
Lemma 4.11. Let X be a k-scheme equipped with a faithful µp2-action. Let
π1 : X → X1 = X/µp be the quotient morphism by the action of the subgroup
scheme µp ⊂ µp2. If z ∈ X is non-fixed by the action of µp then π1(z) ∈ X1
is non-fixed by the action of µp2/µp.
Proof. Let OX,z = B =
⊕
i∈Z/p2ZBi be the corresponding decomposi-
tion. Since z is non-fixed by µp there exists y ∈ mz ⊂ B with 1 + y ∈⊕
i≡1 (mod p)Bi (Lemma 2.13). Then π1(z) is non-fixed by µp2/µp since
yp ∈ mpi1(z) ⊂ OX1,pi1(z) satisfies 1 + y
p = (1 + y)p ∈ Bp. 
Suppose X is a scheme equipped with a µn-action, n = p
er with p ∤ r,
and z ∈ X is a closed point fixed by µr ⊂ µn. Let f be the maximal integer
with 0 ≤ f ≤ e such that the subgroup scheme µpf ⊂ µpe ⊂ µn fixes z. We
say that µpfr is the stabilizer of z and denote it by Stab(z).
Proposition 4.12. Let X = SpecA be the localization of an RDP surface
in characteristic p ≥ 0 at an RDP z, and suppose X is equipped with a
faithful µn-action. Write n = p
er with p ∤ r, and Stab(z) = µpfr. Suppose
Stab(z) ( µn (hence f < e). Then there exist x, y, z ∈ m generating m, with
x, y, 1 + z homogeneous, such that the weights and the defining equation are
as in Table 5 in page 19, up to replacing r by a multiple r′ with p ∤ (r′/r),
up to replacing the weights by a (Z/nZ)∗-multiple, and up to ignoring high
degree terms.
Proof. Since the RDP is µpf -fixed but not µpf+1-fixed, there exists z ∈ m
with wt(1 + z) = pf with respect to the µpe-action. As in the proof of The-
orem 4.7(1), there exist elements x, y ∈ m homogeneous with respect to the
µpe-action such that x, y, z generate m. Then considering the decomposition
of each element with respect to the µn-action, we may assume x, y, 1 + z
are homogeneous with respect to the µn-action, and then 1 + z is of weight
0 with respect to the µr-action. We write wt(x, y, z) = (a, b, c), and by
replacing z we may assume c = n/pe−f .
In this proof, by amonomial we mean a polynomial of the form xiyjzp
e−f l(1+
z)m with 0 ≤ m < pe−f . Any polynomial (resp. formal power series)
is uniquely expressed as a finite (resp. possibly infinite) sum of monomi-
als with k-coefficients, and we say that a polynomial or a formal power
series has a monomial if its coefficient is nonzero. Expressions such as
F = x2+y3(1+z)+ . . . will indicate that F has these monomials. However,
when we say of degree m part Fm of F , this is understood with respect to
the usual monomials xiyjzl.
Assume the degree 2 part F2 of F is either irreducible or the product
of two distinct homogeneous linear factors. Then we may assume F =
xy(1 + z)i + . . . , and we may assume i = 0 (by replacing y with y(1 + z)i),
and F must have zm
′
(1 + z)j , and it is Am′−1 with m
′ = pe−fm.
Assume F2 is the product of two distinct non-homogeneous linear factors.
Then we have p 6= 2 and we may assume F = x2(1 + z)i + y2(1 + z)j +
zm
′
(1 + z)k + . . . and b = a + n/2. We may assume k = 0 by replacing F
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Table 5. Non-fixed µn-actions on RDPs
# p n = pe · r pf wt(x, y, 1 + z) equation RDP
any pe · r pf 1,−1, pf r xy + zp
e−fm Ape−fm−1
6= 2 pe · 2 1 0, pe, 2 x2 + y2 + zp
em Apem−1
5 5 · 6 1 15, 10, 6 x2 + y3 + z5 E08
1 3 3 · 10 1 15, 6, 10 x2 + z3 + y5 E08
2 3 3 · 2 1 3, 0, 2 x2 + y3 + yz3 E07
3 3 3 · 4 1 6k, 3, 4 x2 + z3 + y4 E06
3′ 3 3 · 2 1 3k, 3l, 2 x2 + z3 + y4 E06
4 3 9 · 2 3 3, 2, 6 x2 + y3 + z3(1 + z) E06
1 2 4(m− 1) 2e−1 1, 2, 2(m − 1) x2 + yz2 + ym(1 + z) D02m
2 2 2 · (2m− 1) 1 2m− 2, 2, 2m − 1 z2 + x2y + xym D02m
3 2 4 · 1 2 0, 1, 2 x2 + y2(1 + z) + xzm D02m
4 2 4 · 1 2 1, 0, 2 x2(1 + y)(1 + z) + z2 + y2m+1 D04m
5 2 4 · 3 2 3, 2, 6 x2 + y3 + z2(1 + z) D04
6 2 2 · 3 1 2k, 2l, 3 z2 + x3 + y3 D04
7 2 4m 2e−1 1,−2, 2m z2 + x2y + ym(1 + z) D02m+1
8 2 2 · (2m− 1) 1 2m, 2, 2m − 1 x2 + yz2 + xym D02m+1
9 2 8 · 3 2 3, 2, 6 x2 + y3 + z4(1 + z) E08
10 2 4 · 3 2 3, 2, 6 x2 + y3 + z4(1 + z) E08
11 2 2 · 15 1 10, 6, 15 z2 + x3 + y5 E08
12 2 4 · 5 2 5, 2, 10 x2 + z2(1 + z) + y5 E08
13 2 4 · 3 2 3, 1, 6 x2 + z2(1 + z) + xy3 E27
14 2 2 · 9 1 6, 4, 9 z2 + x3 + xy3 E07
15 2 2 · 3 1 0, 2, 3 x2 + xz2 + y3 E06
with (1 + z)−kF and i = j = 0 by replacing x and y with x(1 + z)i(p
e+1)/2
and y(1 + z)j(p
e+1)/2. We have 2a = 2b = 0 and then we have e = f and
r = 2 (otherwise a, b, c cannot generate Z/perZ). It is Am′−1 with m′ = pem
and we may assume (a, b) = (0, n/2).
Assume p ≥ 5 and F2 is a square. We may assume F = x
2+ . . . , F3 = y
3,
F = x2+ y3+ . . . , and then F must have z5(1+ z)i and we have p = 5, and
we may assume i = 0. By 2a = 3b = 0 we have n | 30 and we may assume
a = 15, b = 10.
Assume p = 3 and F2 is a square. We may assume F = x
2+ . . . . We may
assume F3 mod (x) is either y
3, z3, or y3 + z3. If F = x2 + y3 + . . . then F
must have yz3 and it is E07 , #2. If F = x
2 + z3 + . . . then F must have y4
or y5 and it is E06 , #3 or #3
′, or E08 , #1. If F = x
2 + y3 + z3(1 + z)i + . . .
then we may assume i = 1 and then it is E06 , #4.
Assume p = 2 and F2 is a square. We may assume F2 is x
2, x2 + z2, z2,
x2 + y2, or x2 + y2 + z2.
Assume F2 = x
2. We may assume F = x2 + . . . . Then F must have
yz2(1+z)i or y3(1+z)j . If F has yz2(1+z)i then we may assume i = 0 and
F must have xym(1 + z)i (m ≥ 2) or ym(1 + z) (m ≥ 3). In the former case
we may assume i = 0 (by replacing x with x(1 + z)i) and we have D02m+1
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with (a, b, c) = (2m, 2, 2m − 1), n | 2(2m − 1), #8. In the latter case we
have D02m with (a, b, c) = (1, 2, 2(m − 1)), n | 4(m− 1), #1. Now assume F
does not have yz2(1 + z)i and has y3(1 + z)j . We may assume j = 0. Then
F must have either xz2(1 + z)i or z4(1 + z)i. If F has xz2(1 + z)i, then we
may assume i = 0 and then F = x2 + y3 + xz2 + . . . is E06 , and we have
e = 1, f = 0, a = 0, c = n/2, #15. If F does not have xz2(1 + z)i and has
z4(1+ z)i, then we may assume i = 1 and then F = x2+ y3+ z4(1+ z)+ . . .
is E08 , and we have e = 2 or e = 3, f = 1, (a, b, c) ≡ (1, 2/3, 2) (mod 2
e),
#9–10.
Assume F2 = z
2. We have e − f = 1. If F3 mod (z) has three distinct
roots then it is D04, #6. If F3 mod (z) has exactly two distinct roots, then
we may assume that those roots are homogeneous, and F = z2 + x2y + . . . ,
and F must have xym or ym(1+ z) and then it is D02m or D
0
2m+1, #2 or #7.
If F3 mod (z) has one triple root then we may assume F = z
2 + x3 + . . . ,
and F must have xy3 or y5, and then it is respectively E07 or E
0
8 , #14 or
#11.
Assume F2 = x
2+ z2. We may assume F = x2+ z2(1+ z)i+ . . . . If i = 0
then by replacing z with z + x or z + x(1 + z) we reduce this case to the
previous case. Assume i = 1. F cannot have x3(1+z)i nor xz2(1+z)i. (If F
has x3(1 + z)i then we have 2a = c = 3a+ ic and this implies (2i+ 1)c = 0,
contradicting c = n/pe−f . Other cases are similar.) We may assume F does
not have yz2(1 + z)i. If F has y3(1 + z)i then F does not have xy2(1 + z)j
and it is D04, #5. If F does not have y
3(1 + z)i and has x2y(1 + z)i, then
F cannot have xy2(1 + z)j , and F must have y2m+1(1 + z)j , and it is D04m,
#4. If F does not have y3(1 + z)i nor x2y(1 + z)i and has xy2(1 + z)i then
it is D05, #7. If F does not have y
3(1 + z)i nor xy2(1 + z)i nor x2y(1 + z)i,
then F must have xy3(1+ z)i or y5(1+ z)i, and (we may assume i = 0 and)
it is E27 or E
0
8 , #13 or #12. (This is the only example of D
r
n or E
r
n with
r > 0 in this proposition.)
Assume F2 = x
2 + y2. Write F = x2 + y2(1 + z)j + . . . . If j = 0 then by
replacing x with x+ y(1 + z)k we reduce to the F2 = x
2 case. If j = 1 then
F must have xzm(1 + z)k or yzm(1 + z)k, by symmetry we may assume F
has xzm(1 + z)k, we may assume k = 0, and then it is D02m, #3.
Assume F2 = x
2+y2+z2. Write F = x2(1+z)i+y2(1+z)j+z2(1+z)k+. . . ,
i, j, k ∈ {0, 1}. If i = j then we reduce this case to F = x2 + z2 case by
replacing x with x+ y(1 + z)l. If i 6= j then either i = k or j = k and then
we reduce this case to F = x2 + z2 case by replacing z with z + x(1 + z)l or
z + y(1 + z)l. 
We give a partial classification of local actions of µpe.
Proposition 4.13. Let z ∈ X be a closed point of RDP surface equipped
with a faithful µpe-action with e ≥ 2. Let Stab(z) = µpf (0 ≤ f ≤ e).
(1) Suppose f = 0. Then either z is a smooth point, or z is of type
Apem−1 for some integer m ≥ 1.
(2) Suppose f > 0 and that the subgroup scheme µp ⊂ Stab(z) acts
symplectically. Then one of the following is true.
• z is Ape−fm−1 for some integer m ≥ 1.
• z is E27 and (p
f , pe) = (2, 4).
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• z is Dn−12n+1 (n ≥ 2) or E
3
8 , and (p
f , pe) = (4, 4).
Proof. Let B = OX,z.
(1) If z is a smooth point then there is nothing to prove. If z is an RDP
then, as in Theorem 4.7(1), the maximal ideal mz is generated by three
elements x, y, z, with x, y ∈ B0 and 1 + z ∈ B1, subject to an equation
0 = F (x, y, z) ∈ k[[x, y, zp
e
]]. By Table 3 in page 13, z is Am−1 with p
e | m.
(2) Assume z is a smooth point. Since µp acts symplectically, the max-
imal ideal mz is generated by two elements x ∈
⊕
i≡a (mod p)Bi and y ∈⊕
i≡b (mod p)Bi for some a, b ∈ Z/p
eZ with a, b 6≡ 0 and a+ b ≡ 0 (mod p).
Since a, b 6≡ 0 (mod p), we may assume moreover x ∈ Ba and y ∈ Bb. Then
z is fixed by the whole group scheme µpe and hence e = f . This case is
done.
Hereafter we assume z is an RDP. Let ε = 0 if e = f and ε = 1 if e > f .
By arguing as in Lemma 2.13 and by using Proposition 4.9, mz is generated
by three elements x, y, z with x ∈ Ba, y ∈ Bb, and ε + z ∈ Bc, and we may
assume a ≡ −b 6≡ 0 (mod p), and if e > f then we may moreover assume
c = pf .
If e > f then it follows, from the classification given in Proposition 4.12
and the assumption that µp acts symplectically, that either z is Am′−1 and
then we may assume F = xy + zm
′
+ . . . and hence pe−f | m′, or z is E27
and (pf , pe) = (2, 4).
Hereafter assume e = f . If z is Am−1 then there is nothing to prove.
Otherwise, by Proposition 4.9,
Assume p = 3 and the RDP is E16 or E
1
8 (as in Proposition 4.9). We may
assume that F = z2 + x3 + y3 + . . . with wt(x, y, z) ≡ (1,−1, 0) (mod 3).
Then F cannot be homogeneous since wt(x3) 6≡ wt(y3) (mod 32).
Assume p = 2 and the RDP is Dn or En. By the classification in Propo-
sition 4.9, we have (a, b, c) ≡ (1, 1, 0) (mod 2), and F2 ∈ kx
2+ ky2. If a ≡ b
(mod 4) then F ∈ (x, y)2 and then F cannot define an RDP. Hence we have
a ≡ −b (mod 4).
If F = x2, then we have F ∈ (x2, xyz, xy3, z3, y2z2, y4z, y6) and hence
F cannot define an RDP. Hence we have F = x2 + y2, and hence we have
pe = 4. If F has xyz, then F must have z2n−1 for some n ≥ 2, and then it is
Dn−12n+1. If F does not have xyz, then F must have z
3 and F must also have
x3y or xy3, and then it is E38 . 
Proposition 4.14. Let X = SpecA be the localization of an RDP surface
in characteristic p ≥ 0 at a closed point z, equipped with a faithful symplectic
µn-action fixing z (n > 1). Then p, n, the type of singularity at z, and the
quotient singularity are as in Table 6 in page 22.
There exists a unique way to attach, to each such a point z, a positive
integer m(z) called its multiplicity, in such a way that
• if z is a smooth point then m(z) = 1, and
• if z is an RDP then m(z) =
∑
z′∈(BlzX)µn
m(z′).
Furthermore, we have m(πr(z)) = rm(z) for any divisor r < n of n, where
πr : X → X/µr is the quotient map and m(πr(z)) is the multiplicity with
respect to the µn/r-action on X/µr.
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Table 6. Symplectic µn-actions on RDPs
p n X X/µn multiplicity
any any Am−1 (m ≥ 1) Amn−1 m
6= 2 2 Am−1 (m ≥ 4 even) Dm/2+2 2
6= 2 4 Am−1 (m ≥ 3 odd) Dm+2 1
6= 2 2 Dm+2 D2m+2 m+ 1
6= 2, 3 3 D4 E6 2
2 3 Dr4 (r = 0, 1) E
r
6 2
6= 2, 3 2 E6 E7 3
3 2 Er6 (r = 0, 1) E
r
7 3
3 3 E16 E
1
6 2
3 3 E18 E
0
6 2
2 2 Dr2m (1 ≤ r ≤ m− 1) D
(3r−m)+
4r 2r
2 2 Dm−12m [∗] D
⌊m/2⌋
m+2 2
2 2 Dr2m+1 (1 ≤ r ≤ m− 1) D
(3r−m+1)+
4r+2 2r + 1
2 2 E27 D
0
5 2
2 2 E37 E
3
7 3
2 2 E38 E
2
7 3
2 4 Dm−12m+1 D
m−1
2m+1 1
2 4 E38 D
0
5 1
Proof. We omit the calculation of the multiplicity, which is straightforward.
If p ∤ n then this is Remark 3.4 (Table 2). If n = p then this is Theorem
4.7(2) (Table 4). If n = pe with e ≥ 2, then by Proposition 4.13 the
possibilities are Dn−12n+1, E
3
8 , and Am−1 (with quotient Amn−1). In the other
cases we conclude by comparing the tables of the tame case and the n = p
case. For example, Er6 with (p, n) = (3, 6) is impossible since the µ2-quotient
Er7 of E
r
6 does not admit a symplectic µ3-action. 
4.4. µn-actions on smooth points.
Lemma 4.15. Let n be a positive integer, possibly divisible by p. Let X =
SpecA be the localization of a smooth surface in characteristic p ≥ 0 at a
closed point, equipped with a faithful symplectic µn-action (Definition 4.1).
Then there exists j ∈ (Z/nZ)∗, unique up to sign, such that the maximal
ideal of A is generated by two homogeneous elements of respective weight j
and −j. (We say that the eigenvalues of the µn-action on the tangent space
are j and −j.)
Let Y˜ be the minimal resolution of Y = X/µn, and let π
′ : X ′ = X×Y Y˜ →
Y˜ . Let ek (k = 1, . . . , n−1) be the exceptional curves in Y˜ , ordered in a way
that ek ∩ ek′ 6= ∅ if and only if |k − k
′| ≤ 1. The sheaf π′∗OX′ is locally-free
and the µn-action induces a decomposition
⊕
i∈Z/nZ(π
′
∗OX′)i to invertible
sheaves. Then Ii := Im(((π
′
∗OX′)i)
⊗n → OY˜ ) is an invertible sheaf and,
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after possibly reversing the ordering, we have an equality
Ii = O
(
−
∑
k
fn
(
(j−1i mod n), k
)
ek
)
.
Here j−1i mod n denotes the unique integer ∈ {0, 1, . . . , n− 1} whose multi-
ple by j is congruent to i modulo n, and the function fn : {1, 2, . . . , n−1}
2 →
Z is defined by
fn(h, k) =
{
hk (k ≤ n− h),
(n− h)(n − k) (k ≥ n− h).
Proof. Straightforward. 
5. Tame quotients of K3 surfaces and abelian surfaces
The following fact should be known to experts. We give a proof since we
could not find a complete reference (covering all characteristics).
Theorem 5.1. Let X be either an abelian surface or an RDP K3 surface in
characteristic p ≥ 0, and G a finite group of order not divisible by p acting
on X.
If X is an RDP K3 surface and G is symplectic, then the quotient X/G
is an RDP K3 surface.
If X is an abelian surface and G is symplectic, then X/G is either an
abelian surface or an RDP K3 surface.
If X is an RDP K3 surface and G is non-symplectic, then X/G is either
an RDP Enriques surface or a rational surface.
If X is an abelian surface and G is non-symplectic, then X/G is either an
RDP Enriques surface, a (quasi-)hyperelliptic surface, a surface birational
to a ruled surface, or a rational surface.
If X is a K3 surface in characteristic 0 and G is symplectic and commu-
tative, then this is a result of Nikulin.
Proof. By Proposition 3.3, we may assume X is smooth. Let π : X →
X/G = Y be the quotient morphism and Y˜ → Y the minimal resolution.
We have b1(Y˜ ) = b1(Y ) ≤ b1(X), where bi = dimH
i
e´t(X,Ql) is the i-th
l-adic Betti number for an auxiliary prime l 6= char k. Hence if X is a K3
surface (hence b1(X) = 0) then Y˜ cannot be abelian, (quasi-)hyperelliptic,
nor non-rational ruled.
First suppose G acts non-symplectically. If some nontrivial g ∈ G satisfy
dimFix(g) = 1, then by the usual ramification formula KY has negative
coefficients at the corresponding divisors of Y , hence Y˜ has negative Ko-
daira dimension. If Y has a non-RDP singularity, then KY˜ has negative
coefficients at the corresponding exceptional curves, hence Y˜ has negative
Kodaira dimension. In either case Y˜ is either ruled or rational. Suppose
neither is the case. Then KY is an RDP surface with numerically trivial
KY . Since we have
H0(Y sm,Ω2Y ) = H
0(π−1(Y sm),Ω2X)
G = H0(X,Ω2X)
G = 0,
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KY is not trivial. Then by the classification of such surfaces (see Table 1), Y˜
is either an Enriques surface or a (quasi-)hyperelliptic surface. This settles
the non-symplectic case.
Now suppose G acts symplectically. By Proposition 3.3, Y is an RDP
surface with KY trivial. By the classification of surfaces with trivial canon-
ical divisor, Y is an RDP K3 surface, an abelian surface, a non-classical
RDP Enriques surface (p = 2), or a (quasi-)hyperelliptic surface (p = 2, 3).
(Note that abelian and (quasi-)hyperelliptic surface admit no smooth ratio-
nal curves.)
Since Y has only RDP singularities, we have h1(Y˜ ,OY˜ ) = h
1(Y,OY ).
Since p ∤ |G|, (OX )G ⊂ OX is a direct summand and hence we have
h1(Y,OY ) = h
1(Y, (π∗OX)
G) ≤ h1(Y, π∗OX) = h
1(X,OX ). Therefore, if
X is a K3 surface then Y cannot be a non-classical RDP Enriques surface.
It remains to show that if X is an abelian surface then Y cannot be a
(quasi-)hyperelliptic surface. Suppose X is an abelian surface and Y is a
(quasi-)hyperelliptic surface. (If p 6= 2, 3, then this is clear since (quasi-
)hyperelliptic surfaces always have nontrivial canonical divisor.) Since a
(quasi-)hyperelliptic surface admit no smooth rational curves, no element
of G \ {1} have fixed points. It suffices to show that any fixed-point-free
symplectic automorphism g of an abelian surface X of finite order not divis-
ible by p is a translation, since the quotient of an abelian variety by a finite
group of translations is an abelian variety.
Suppose g is such an automorphism. Endow X with a group variety
structure and write g(x) = h(x) + a with h an automorphism of the group
variety and a a point. Then h is symplectic (since g and the translation by
a are symplectic) and of finite order dividing ord(h), since x = gord(g)(x) =
hord(g)(x)+(hord(g)−1(a)+ · · ·+a). If h = id then g is a translation. Suppose
h 6= id. Then h acts on the tangent space of each fixed point via SL2(k)
(since h is symplectic and of finite order not divisible by p), hence Fix(h) is
isolated. Hence h − id has finite kernel and hence is surjective. Let x be a
point with h(x) − x = −a. Then g(x) = x, contradiction. 
6. µp-quotients of RDP K3 surfaces and abelian surfaces
The following theorems are the µp-analogue of Theorem 5.1.
Theorem 6.1. The quotient of an RDP K3 surface by a symplectic µp-
action is again an RDP K3 surface.
Theorem 6.2. The quotient X/µp of an RDP K3 surface by a non-symplectic
action of µp is either a rational surface (possibly with non-RDP singulari-
ties) or an RDP Enriques surface. The quotient is an RDP Enriques surface
if and only if the action is fixed-point-free, and this can happen only if p = 2.
Theorem 6.3. A µpe-action on an abelian variety is always symplectic, in
the sense that the 1-dimensional space of top differential forms is of weight
0, and the quotient is again an abelian surface.
From Theorems 6.1 and 6.3 we obtain the following.
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Corollary 6.4. Let X be either an abelian surface or an RDP K3 surface
equipped with a symplectic action of a finite group scheme G satisfying the
assumption of Definition 2.6.
If X is an RDP K3 surface then the quotient X/G is an RDP K3 surface.
If X is an abelian surface then X/G is either an abelian surface or an
RDP K3 surface. If moreover G is local then X/G is an abelian surface.
Proof of Theorem 6.3. It suffices to consider µp-actions. Let A be an abelian
variety of dimension m and p-rank r. Then any µp-action on A is the trans-
lation action by a subgroup scheme of (µp)
r ⊂ A[p]. Indeed, the restriction
map H0(A,T )→ Lie(A) = T0A is an isomorphism, and the semisimple part
Lie(A)s of Lie(A) has a basis x1, . . . , xr with x
p
j = xj [Mum70, Sections
14–15], and then a derivation D ∈ Lie(A) is of multiplicative type if and
only if it is of the form
∑
ajxj with aj ∈ Fp. Since Fix(D) is stable under
translation, Fix(D) is empty (unless D = 0). Since the action is translation,
the quotient is again an abelian variety, and hence this action is symplectic
by Proposition 2.14. 
Proof of Theorem 6.1. If the action is trivial then the assertion is trivial.
Assume the action is nontrivial. By Theorem 4.7(1),(2), Y = X/µp is an
RDP surface. Then by Proposition 2.14, KY is trivial, and by the classi-
fication of surfaces Y is either an RDP K3 surface, an abelian surface, a
non-classical RDP Enriques surface, or a (quasi-)hyperelliptic surface.
Since π : X → Y is purely inseparable we have dimH ie´t(X,Ql) = dimH
i
e´t(Y,Ql),
in particular b1(Y ) = b1(X) = 0 (where bi = dimH
i
e´t is the i-th Betti
number). Since Y is an RDP surface and since OY = (π∗OX)0 is a di-
rect summand of π∗OX , we have h
1(Y˜ ,OY˜ ) = h
1(Y,OY ) ≤ h
1(Y, π∗OX) =
h1(X,OX ) = 0. Hence Y is an RDP K3 surface. 
Proof of Corollary 6.4. Assume G0 6= 1. Let N ⊂ G0 be a normal subgroup
scheme isomorphic to µp. Applying Lemma 2.15 to the action of N ⊂ G
0
on the smooth non-fixed locus Xsm \ Fix(N), we observe that the action
of G0/N on the RDP K3 surface X/N is symplectic (note that the space
of 2-forms does not change by removing codimension 2 subschemes from
smooth varieties). It follows by induction that X/G0 is an RDP K3 surface
(resp. an abelian surface), and by assumption the action of G/G0 on X/G0
is symplectic. We conclude by Theorem 5.1. 
A similar argument proves the following (cf. Remark 2.7).
Proposition 6.5. Let G and X be as in Definition 2.6 and assume moreover
G itself is commutative of multiplicative type. Then the G-action on X is
symplectic in the sense of Definition 2.6 if and only if H0(Xsm,Ω2) is of
weight 0 with respect to the G-action.
Proof. Applying Lemma 2.15 as in the proof of Corollary 6.4, we can reduce
the assertion to the case G is e´tale and tame. As already noted just before
Definition 2.6, in this case (−)i is the eigenspace for the action of G(k) with
eigenvalue i ∈ G∨(k) = Hom(G(k), k∗). In particular the space of 2-forms
is weight 0 if and only if G = G(k) acts trivially. 
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Proof of Theorem 6.2. Let X be an RDP K3 surface equipped with a non-
trivial non-symplectic µp-action. Let D be the corresponding derivation of
multiplicative type. Let Y = X/µp. We have b1(Y ) = b1(X) = 0, hence as in
the tame case (Section 5), Y cannot be abelian, RDP (quasi-)hyperelliptic,
nor non-rational ruled.
If D has non-isolated fixed points, then by [RS76, Corollary 1 to Propo-
sition 3] or by Proposition 2.14 Y˜ has negative Kodaira dimension. If D
has an isolated fixed point z ∈ X, then by Theorem 4.7(3), π(z) ∈ Y is a
non-RDP singularity, and then Y˜ has negative Kodaira dimension. In either
case Y is a rational surface.
Now assume D is fixed-point-free. Then by Theorem 4.7(1) Y is an RDP
surface and by [RS76, Corollary 1 to Proposition 3] KY is torsion. Moreover
it follows from Proposition 2.14 that the space H0(Y sm, (Ω2)⊗n) is 0 if 0 <
n < p and is generated by a non-vanishing n-ary form if n = p. Thus KY˜ is
nonzero and p-torsion. By the classification of surfaces it follows that Y is
an RDP Enriques surface. Then since 2KY = 0 and H
0(Y sm,O(nKY )) = 0
for 0 < n < p, we have p = 2. 
We can reduce many assertions on µp-actions to the maximal case using
the next proposition.
Proposition 6.6. Let X be an RDP K3 surface equipped with a µp-action.
Then there exists an RDP K3 surface X ′, birational to X, equipped with a
µp-action compatible with that on X, and maximal. Moreover, if the action
on X is symplectic (resp. non-symplectic, resp. fixed-point-free), then we can
take X ′ to satisfy the same property.
Proof of Propositions 6.6. Assume X is not maximal at a closed point z.
Then either z is a fixed RDP, or z is a non-fixed RDP and π(z) is an RDP
(by Theorem 4.7(1)). Let X1 = BlzX in the former case and X1 = X×Y Y
′
in the latter case, where Y ′ → Y is the resolution at π(z). Then the µp-
action extends to X1 (by Proposition 2.12 in the former case) and X1 is an
RDP surface (by Theorem 4.7(1) in the latter case). Since the total index
of RDPs of X1 is strictly less than that of X, this procedure eventually
terminates, at some maximal X ′.
It remains to show that each step preserves the properties. For the sym-
plecticness and non-symplecticness, this is clear. If Xµp = ∅, then by the
functoriality of the fixed point scheme, we have X
µp
1 = ∅. 
Lemma 6.7. Let X be a RDP surface and D a derivation of multiplicative
type. Suppose D is maximal. Let z ∈ X be a non-fixed RDP of index n. Let
X˜ be the minimal resolution at z and D˜ be the induced rational derivation
on X˜. Let 〈D˜〉 and (D˜) the divisorial singularity and the isolated singularity
of D˜ above z. Then we have deg〈D˜〉 = p−2p−1n and (D˜)
2 = − 2p−1n.
Proof. Straightforward calculation using the classification of non-fixed maxi-
mal RDPs given in Theorem 4.7(1). See [Mat18, Lemma 3.11] for details. 
Proposition 6.8. Suppose each of X and Y is either an RDP K3 surface
or an RDP Enriques surface. Let π : X → Y be a µp-quotient morphism.
Suppose the µp-action is maximal. Then the total index N1 of non-fixed
µn-ACTIONS ON K3 SURFACES IN POSITIVE CHARACTERISTIC 27
RDPs and the number N2 of fixed points on X are as follows.
(N1, N2) =

(24p−1p+1 , 24
1
p+1 ) if (X˜, Y˜ ) is (K3,K3),
(122p−1p+1 , 12
p−2
p2−1
) = (12, 0) if (X˜, Y˜ ) is (K3,Enr),
(12p−2p+1 , 12
2p−1
p2−1
) = (0, 12) if (X˜, Y˜ ) is (Enr,K3),
(12p−1p+1 , 12
1
p+1 ) if (X˜, Y˜ ) is (Enr,Enr).
In the cases where (X˜, Y˜ ) is (K3,Enr) or (Enr,K3), only p = 2 is possible.
Proof. Let D be the corresponding derivation of multiplicative type. Since
Y˜ is of Kodaira dimension 0, Fix(D) consists only of isolated points (possibly
none).
Define the rational derivation D˜ on X˜ as in Lemma 6.7. Since the singu-
larity of D˜ consists of those above non-fixed RDPs on X and the 0-cycle of
fixed points on X, by Lemma 6.7 we have
(D˜)2 = −
2
p− 1
N1, 〈D˜〉 = N2 +
p− 2
p− 1
N1,
and by Katsura–Takeda formula (Proposition 2.16) we have
deg c2(X) = (N2 +
p− 2
p− 1
N1) + 0 +
2
p− 1
N1 = N2 +
p
p− 1
N1.
On the other hand, we have dimH2e´t(X,Ql) = dimH
2
e´t(X˜,Ql) − N1 =
b2(X˜)−N1. Since Y is an RDP surface whose RDPs are precisely the images
(which are Ap−1) of the fixed smooth points of X, we have dimH
2
e´t(Y,Ql) =
dimH2e´t(Y˜ ,Ql) − (p − 1)N2 = b2(Y˜ ) − (p − 1)N2. Since X → Y is purely
inseparable we have dimH2e´t(X,Ql) = dimH
2
e´t(Y,Ql). Therefore we have
(p− 1)N2 −N1 = b2(Y˜ )− b2(X˜).
Combining the two equalities we determine (N1, N2) in terms of p. In two
cases only p = 2 is possible since 12 p−2
p2−1
or 122p−1
p2−1
should be an integer. 
7. Possible orders of symplectic µn-actions on RDP K3
surfaces
The following theorem is again parallel to the case of automorphisms of
finite tame order, but the proof (for µp-actions) is quite different.
Theorem 7.1. Let X be an RDP K3 surface in characteristic p equipped
with a faithful symplectic µn-action (n > 1, divisible by p or not). Then,
(1) n ≤ 8.
(2) The number N of fixed points, counted with the multiplicities defined
in Proposition 4.14, is equal to (24/n)
∏
l:prime,l|n(l/(l+1)) (i.e. N =
8, 6, 4, 4, 2, 3, 2 for n = 2, 3, 4, 5, 6, 7, 8 respectively).
(3) Assume all fixed points are smooth points. Then the decomposition
of
⊕
z∈Fix(µn)
T ∗zX is concentrated on the subset (Z/nZ)
∗ ⊂ Z/nZ,
and for each i ∈ (Z/nZ)∗ the i-th summand has dimension equal to
2N/φ(n) = (48/n2)
∏
l:prime,l|n(l
2/(l2 − 1)) (i.e. = 16, 6, 4, 2, 2, 1, 1
for n = 2, 3, 4, 5, 6, 7, 8 respectively).
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If p ∤ n (resp. if n = p) then assertion (3) means that each primitive
n-th root of 1 (resp. each element of F∗p) appears as an eigenvalue of a fixed
generator of µn ∼= Z/nZ (resp. of the corresponding derivation) on the space⊕
z∈Fix(µn)
T ∗zX with equal multiplicity.
For each p and each n ≤ 8 there indeed exists an RDP K3 surface equipped
with a symplectic µn-action in characteristic p. See Section 9.1 for explicit
examples.
Proof of Theorem 7.1 for the case p ∤ n. We may assume X is smooth.
Assertions (1) and (2) are proved by Nikulin [Nik79, Section 5] (p = 0) and
Dolgachev–Keum [DK09, Theorem 3.3] (p > 0). (Both proofs overlooked the
case n = 14, but the same arguments as in their proofs for the non-existence
of the case n = 15 apply to case n = 14.)
(3) (If p = 0 then this follows from the argument in [Muk88, Proposition
1.2]. We give another proof, applicable to all p ≥ 0.)
Let z ∈ X and let µr = Stab(z) ⊂ µn be its stabilizer group. Let
j1, j2 ∈ Z/rZ be the two eigenvalues of µr on T ∗zX (= mz/m
2
z). Then since
the action on Ω2X,z
∼=
∧2 T ∗zX is trivial we have j1 + j2 = 0, and since the
action is faithful we have j1, j2 ∈ (Z/rZ)∗.
This already proves the assertion if n = 2, 3, 4, 6, since up to sign there is
only one element in (Z/nZ)∗.
For each divisor r 6= 1 of n and for each 0 ≤ j ≤ ⌊r/2⌋, let Sr,j be the
set of fixed points z ∈ X with Stab(z) = µr and with µr acting on T
∗
zX by
eigenvalues j and −j. Sr,j is a finite set and it is empty if j 6∈ (Z/rZ)∗. Let
S˜r,j = Sr,j/µn be the set of µn-orbits of points of Sr,j. Let Nr,j = |Sr,j| and
N˜r,j = |S˜r,j| = Nr,j/(n/r). We have N =
∑⌊n/2⌋
j=0 Nn,j.
Let ρ : Y˜ → Y = X/µn be the minimal resolution (then Y˜ is a smooth
K3 surface), and let π′ : X ′ = X ×Y Y˜ → Y˜ . The sheaf π
′
∗OX′ is locally-
free and admits a decomposition to invertible sheaves (π′∗OX′)i that are
eigenspaces of µn of eigenvalues i ∈ Z/nZ. For each i ∈ Z/nZ, let Ci be the
corresponding class of Cartier divisor. For each orbit z ∈ S˜r,j, its image π(z)
is an RDP of type Ar−1, and let ez,k (k = 1, . . . , r − 1) be the exceptional
curves in Y˜ above π(z), ordered in a way that ez,k ∩ ez,k′ 6= ∅ if and only
if |k − k′| ≤ 1. Then after possibly reversing the ordering we have a linear
equivalence
Ci ∼
∑
r|n,r 6=1
⌊r/2⌋∑
j=0
∑
z∈S˜r,j
r−1∑
k=1
fr((j
−1i mod r), k)
r
ez,k
by Lemma 4.15.
Let m be any integer ∈ {1, 2, . . . , r − 1}. Using the equality(
r−1∑
k=1
fr(m,k)
r
ez,k
)
· ez,k′ =
{
−1 if k′ = r −m,
0 otherwise,
we compute that (
r−1∑
k=1
fr(m,k)
r
ez,k
)2
= −
m(r −m)
r
.
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Hence we have
−C2i =
∑
r|n,r 6=1
⌊r/2⌋∑
j=0
N˜r,j ·
(j−1i mod r)(r − j−1i mod r)
r
and this should be in 2Z.
Assume n = 5. Then we have N5,j = N˜5,j, N5,1 +N5,2 = 4, and
−C21 =
4
5
N5,1 +
6
5
N5,2 ∈ 2Z.
Hence (N5,1, N5,2) = (2, 2).
Assume n = 7. Then we have N7,j = N˜7,j, N7,1 +N7,2 +N7,3 = 3, and
−C21 =
6
7
N7,1 +
12
7
N7,2 +
10
7
N7,3 ∈ 2Z.
Hence (N7,1, N7,2, N7,3) = (1, 1, 1).
Assume n = 8. By assertion (2) for the cases n = 2, 4, 8, we have N˜2,1 = 1,
N˜4,1 = 1, N˜8,1 + N˜8,3 = 2, and
−C21 =
1
2
N˜2,1 +
3
4
N˜4,1 +
7
8
N˜8,1 +
15
8
N˜8,3 ∈ 2Z.
Hence (N8,1, N8,3) = (N˜8,1, N˜8,3) = (1, 1). 
Remark 7.2. By above, we have C2i = −4 for any 2 ≤ n ≤ 8 and any
1 ≤ i ≤ n − 1. As we will see below, this holds also if p divides n. This
implies χ(Y˜ , (π′∗OX′)i) = 0 for i 6= 0. Then we obtain χ(Y, (π∗OX)i) = 0
for i 6= 0, since ρ∗((π
′
∗OX′)i) = (π∗OX′)i and R
qρ∗((π
′
∗OX′)i) = 0 for q > 0.
This is finer than the equality∑
i 6=0
χ(Y, (π∗OX)i) = χ(X,OX )− χ(Y,OY ) = 2− 2 = 0.
Proof of Theorem 7.1 for the case n = p. We may assume that X is maxi-
mal. (For assertion (2), the multiplicity is by definition compatible with
blow-ups at fixed points.) This means that all fixed points are smooth
points, and that the singularities of the quotient surface Y are all Ap−1 and
are precisely the images of the fixed points. Let D be the corresponding
derivation.
As in the previous case, let Y˜ be the minimal resolution of Y (hence a
smooth K3 surface) and let π′ : X ′ = X ×Y Y˜ → Y˜ . The sheaf π
′
∗OX′ is
locally-free and admits a decomposition to invertible sheaves (π′∗OX′)i that
are eigenspaces of D of eigenvalues i ∈ Z/pZ. For each i ∈ Z/pZ, let Ci be
the corresponding class of Cartier divisor. As in the previous case we have
−C2i =
⌊p/2⌋∑
j=0
Np,j ·
(j−1i mod p)(p− j−1i mod p)
p
.
By Proposition 6.8 we have N =
∑
j Np,j = 24/(p + 1). Hence p ∈
{2, 3, 5, 7, 11, 23}. If p = 23 then N = 1 and the exceptional curves generate
a negative-definite sublattice of rank p − 1 = 22 of the indefinite lattice
NS(Y˜ ) of rank ≤ 22, contradiction. If p = 11 then N = 2 and then C2i
(for any i) cannot be an integer since the sum of two nonzero squares in F11
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cannot be zero. Hence we have p ∈ {2, 3, 5, 7}, and we can determine the
multiplicities of the eigenvalues as in the p ∤ n case. 
Corollary 7.3. Let X be an RDP K3 surface equipped with a faithful sym-
plectic µq-action with q = 5, 7 (q equal to p = char k or not). If q = 7 (resp.
q = 5) then any fixed point is a smooth point (resp. either a smooth point or
an RDP of type A1).
Proof. Let z ∈ X be a fixed point. By Proposition 4.14, z is of type Am−1
for some m ≥ 1. Let ±i ∈ (Z/qZ)∗ be the nonzero eigenvalues of mz/m2z
with respect to the µq-action if q 6= p and to the derivation corresponding
to the µq-action if q = p. Let X˜ be the minimal resolution of X at z (to
which the µq-action extends). One can calculate the local equation to show
that all (smooth) fixed point of X˜ above z has eigenvalues ±i. Since there
are m such points, it follows from Theorem 7.1(3) that m ≤ 1 if q = 7 and
m ≤ 2 if q = 5. 
Proof of Theorem 7.1 for the case n = pe (e ≥ 2). For each 0 ≤ j ≤ e, let
πj : X → Xj = X/µpj be the quotient morphism by the subgroup scheme
µpj ⊂ µpe , and for each 0 ≤ j ≤ e − 1, let Dj be the derivation on Xj
corresponding to the action of µpj+1/µpj .
Let z ∈ X be a µp-fixed point. Let µpf = Stab(z) (then 1 ≤ f ≤ e). Then
by Remark 4.3, µpf acts symplectically at z. By Proposition 4.13, either z
is of type Am−1 for some m ≥ 1 with p
e−f | m, or z is Dm−12m+1 or E
2
7 or E
3
8
and pe = 4. (Again we use the convention that a smooth point is of type
A0.) Then since each Dj , j < f , is symplectic at πj(z), we observe that
πf (z) ∈ Xf is of type Apfm−1 or D
0
5 or D
m−1
2m+1. (Since X has a µp-fixed
point and since Xf is an RDP K3 surface, this already implies p
e− 1 < 22.)
By Lemma 4.11 any preimage of any fixed point of Dj is again fixed. In
other words, the fixed points of Dj on Xj are precisely the images of the
µpj+1-fixed points on X.
For each 1 ≤ f ≤ e, let S˜f ⊂ X be the points with stabilizer equal to µpf .
For each z ∈ S˜f , let m(z) be its multiplicity of z defined as in Proposition
4.14 with respect to the µpf -action. Then, by Propositions 4.13 and 4.14, we
have pe−f | m(z). Let Mf =
∑
z∈S˜f
m(z) for each 1 ≤ f ≤ e, then by above
pe−f |Mf . Using the last equality of Proposition 4.14 and assertion (2) for
De−1 and De−2 on Xe−1 and Xe−2, we obtain p
e−1Me = p
e−2(Me+Me−1) =
24/(p+1), henceMe = 24/(p
e−1(p+1)) andMe−1/p = 24(p−1)/(p
e(p+1)).
Since Me−1/p is an integer, p
e divides 24. Therefore pe = 22, 23. Moreover
we obtain Mf = p
e−f · 24(p − 1)/(pe(p + 1)) (1 ≤ f ≤ e − 1) by applying
assertion (2) to Dj (0 ≤ j ≤ e− 1)
Assertion (3) is trivial if n = 4. Suppose n = 8, for each 1 ≤ f ≤ 3 and
0 ≤ j ≤ 2f/2, let S˜2f ,j be the set of points with stabilizer µ2f and with
primitive eigenvalues ±j ∈ Z/2fZ, and let N˜2f ,j = (2
e−f )−1
∑
z∈S˜
2f ,j
m(z).
We have
∑
j N˜2f ,j = (2
e−f )−1Mf for each 1 ≤ f ≤ e. Then we again have
N˜2,1 = 1, N˜4,1 = 1, N˜8,1 + N˜8,3 = 2, and
−C21 =
1
2
N˜2,1 +
3
4
N˜4,1 +
7
8
N˜8,1 +
15
8
N˜8,3 ∈ 2Z.
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Hence (N˜8,1, N˜8,3) = (1, 1). 
Proof of Theorem 7.1 for the remaining case. First we show that if n = pq
where q is a prime 6= p, then n = 6. We have µn = µp×µq ∼= µp×Z/qZ. We
may assume that X is maximal with respect to the µp-action. Let πq : X →
Xq = X/µq and πp : X → Xp = X/µp. Note that z ∈ X is fixed by the µp-
action if and only if πq(z) ∈ Xq is fixed by the µp-action. Let a1 and aq be the
number of µq-orbits of length 1 and q of µp-fixed points of X (which are all
smooth by assumption). Then the µp-fixed points of Xq consists of a1 points
of type Aq−1 and aq smooth points. Applying assertion (2) to the µp-actions
on X and Xq we have a1+qaq = qa1+aq = 24/(p+1). Therefore a1 = aq =
24/(p + 1)(q + 1) and hence (a1, {p, q}) = (2, {2, 3}), (1, {2, 7}), (1, {3, 5}).
The cases (a1, {p, q}) = (1, {2, 7}), (1, {3, 5}) are impossible since, letting
z ∈ X be the unique µpq-fixed point (which is a smooth point), if pq = 14
then π2(z) ∈ X2 is a µ7-fixed RDP of type A1, and if pq = 15 then π3(z) ∈ X3
is a µ5-fixed RDP of type A2, both contradicting Corollary 7.3.
Now we consider general n. It remains to show that the cases (p, n) =
(2, 12), (3, 12) are impossible.
Assume (p, n) = (3, 12). As above we may assume X is maximal with
respect to the µ3-action. There are exactly six µ3-fixed points, all smooth.
By the above argument for (p, n) = (3, 6), exactly two of them are µ2-fixed,
and among the images of these two points in X/µ2 exactly one is (µ4/µ2)-
fixed. This is impossible since non-(µ4/µ2)-fixed points in X/µ2 come by
pairs.
Now assume (p, n) = (2, 12). As in the proof of the n = pe case (applied
to the µ4-action), let S˜1 be the set of µ2-fixed non-µ4-fixed points, and
then we have M1 =
∑
z∈S˜1
m(z) = 4 and 2 | m(z). Hence |S˜1| is 1 or 2.
Since the µ3-action on X preserves this 1- or 2-point set S˜1, it acts on S˜1
trivially, hence fixes at least 4 µ2-fixed points (counted with multiplicity
m(z)), contradicting the observation a1 = 2 for µ6-actions.
Assertion (3) for n = 6 is trivial. 
8. Possible orders of µn-actions on RDP K3 surfaces
Let Scyc(p) (resp. Sµ(p)) be the set of positive integers n for which there
exists an RDP K3 surface equipped with an automorphism of order n (resp.
a faithful µn-action) in characteristic p. We clearly have Scyc(0) = Sµ(0) and
Scyc(p)
p′ = Sµ(p)
p′ , where (−)p
′
denotes the subset of prime-to-p elements.
Remark 8.1. Keum [Keu16, Main Theorem] proved the following results on
Scyc(p) (this set is denoted Ordp in his paper). The sets Scyc(p) for p 6= 2, 3
are given by
Scyc(0) = {n : φ(n) ≤ 20}
= {1, . . . , 22, 24, 25, 26, 27, 28, 30, 32, 33, 34, 36, 38, 40, 42, 44, 48, 50, 54, 60, 66},
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and
Scyc(p) =

Scyc(0) if p = 7 or p ≥ 23,
Scyc(0) \ {p, 2p} if p = 13, 17, 19,
Scyc(0) \ {44} if p = 11,
Scyc(0) \ {25, 50, 60} if p = 5.
Moreover, Scyc(p)
p′ = Scyc(0)
p′ for all p ≥ 2. (The sets Scyc(2) and Scyc(3)
are not determined.)
In this section we determine the set Sµ(p) for all p.
Theorem 8.2. We have
Sµ(p) =

Sµ(0) = Scyc(0) if p 6= 2, 3, 5, 11,
Sµ(0) \ {33, 66} if p = 11,
Sµ(0) \ {25, 40, 50} if p = 5,
Sµ(0) \ {27, 33, 48, 54, 66} if p = 3,
Sµ(0) \ {34, 40, 44, 48, 50, 54, 66} if p = 2.
In particular, there exists an RDP K3 surface equipped with a nontrivial
µp-action in characteristic p if and only if p ≤ 19.
We need some preparations. The height h of a K3 surface X in character-
istic p > 0, whose definition we do not recall here, is either ∞ or an integer
in {1, . . . , 10}, and X is called supersingular or of finite height respectively.
If h < ∞ then the inequality ρ ≤ 22 − 2h holds, where ρ = rankPic(X) is
the Picard number. This implies that if ρ ≥ 21 then X is supersingular. (In
fact the Tate conjecture for K3 surfaces, now a theorem, implies that X is
supersingular if and only if ρ = 22, but we do not need this fact.)
If X is supersingular then the discriminant group of Pic(X) is of the form
(Z/pZ)2σ0 for an integer σ0 ∈ {1, . . . , 10} and σ0 is called the Artin invariant
of X. Here the discriminant group of a non-degenerate lattice L is defined
to be the (finite) group L∗/L, where L∗ = Hom(L,Z) is the dual of L. The
discriminant disc(L) of a lattice L is defined to be det(ei · ej)i,j , where ei is
a basis of L, and we have |disc(L)| = |L∗/L|.
We define the crystalline transcendental lattice T (X) = Tcrys(X) ⊂ H
2
crys(X/W (k))
to be the orthogonal complement of the image of Pic(X)⊗W (k), whereW (k)
is the ring of Witt vectors over k. We have ρ+ rankT (X) = 22.
We collect some facts:
Lemma 8.3. Let X be a K3 surface in characteristic p > 0.
(1) Aut(X) acts on H2crys(X/W (k)) and H
2
e´t(X,Zl) (for prime l 6= p)
faithfully, and the characteristic polynomial of any element is inde-
pendent of the cohomology and has coefficients in Q.
(2) If X is of finite height, then the Chern class morphism Pic(X) ⊗
W (k)→ H2crys(X/W (k)) is a primitive embedding (i.e. it is injective
and its cokernel is torsion-free).
(3) Let g ∈ Aut(X) and suppose it acts on H0(X,Ω2) by a primi-
tive N -th root of 1. If X is of finite height and p ≥ 3, then the
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characteristic polynomial of g∗ on Tcrys(X) is the product of cyclo-
tomic polynomials ΦNpei with non-negative integers ei. In particular
φ(N) | rankTcrys(X), in particular rankTcrys(X) ≥ φ(N).
(4) Let g ∈ Aut(X) and define N as in (3). If X is supersingular of
Artin invariant σ0 and p ≥ 3, then N | (p
σ0 + 1).
Proof. (1) [Keu16, Theorem 1.4].
(2) Since the crystalline Chern classes and the de Rham Chern classes
are compatible [BO83, Proposition 3.4], it suffices to observe that if X is of
finite height then Pic(X)⊗Z k → H
2
dR(X) is injective, and this is proved by
van der Geer–Katsura [vdGK00, Proposition 10.3].
(3) See [Mat16b, Lemma 2.3(3)], which deduces the assertion from [Jan16,
Theorem 3.2].
(4) [Nyg80, Theorem 2.1]. 
In particular, letting p ≥ 3, g ∈ Aut(X), and N be as above, if there
exists no integer σ0 with N | (p
σ0 + 1), then X is not supersingular. This
applies for example to (p,N) = (3, 8), (5, 4).
Lemma 8.4 (Nikulin [Nik81, Theorem 4.2.2] if char = 0). Let X be a
(smooth) K3 surface in characteristic 6= 2 and g ∈ Aut(X) a non-symplectic
involution. Let S = H2e´t(X,Z2)
g=1 be the invariant lattice, and define in-
tegers r and a by r = rankZ2 S and S
∗/S ∼= (Z/2Z)a. Then one of the
following holds:
(1) Fix(g) = ∅ and (r, a) = (10, 10).
(2) Fix(g) is the disjoint union of two linearly equivalent elliptic curves
E0, E1, and (r, a) = (10, 8).
(3) Fix(g) is the disjoint union of k+1 curves E0, E1, . . . , Ek where E0
is a curve of genus γ = 11 − (r + a)/2 and Ei (i ≥ 1) are smooth
rational curves, with k = (r − a)/2.
In particular, we have (Fix(g))2 = 20 − 2r.
Proof. As in Nikulin’s proof (for characteristic 0), Fix(g) is either (1) empty,
or (2) the disjoint union of two linearly equivalent elliptic curves E0, E1, or
(3) the disjoint union of k+1 smooth curves E0, E1, . . . , Ek with E0 of genus
γ ≥ 0 and Ei rational. In case (1) S = H
2
e´t(X,Z2)
g=1 ∼= H2e´t(Y,Z2)(2) has
(r, a) = (10, 10), since Y = X/〈g〉 is an Enriques surface, where −(2) means
that the bilinear form is multiplied by 2. Suppose we are in cases (2) or (3).
By [DL76, Theorem 3.2] (which replaces the topological Lefschetz fixed
point formula used in characteristic 0) we have∑
i≥0
(−1)i tr(g∗ | H ie´t(X,Q2)) =
∑
i≥0
(−1)i tr(g∗ | H ie´t(Fix(g),Q2))
=
∑
i≥0
(−1)i dimQ2 H
i
e´t(Fix(g),Q2).
In case (2) we obtain 1 + (r − (22 − r)) + 1 = 2(1 − 2 + 1), hence r = 10.
In case (3) we obtain 1 + (r − (22− r)) + 1 = (1 + k)− 2γ + (1 + k), hence
22− 2r = 2γ − 2k.
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Since Y = X/〈g〉 is a smooth rational surface we can apply [Sko17, Propo-
sition 3.1] and obtain an exact sequence of Z/2Z-vector spaces (which re-
places the Smith exact sequence used in characteristic 0)
0→ H1e´t(Fix(g),Z/2Z) → H
2
e´t(X,Z/2Z)/π
∗H2e´t(Y,Z/2Z)
pi∗→ 〈[π(E0)], [π(E1)], . . . , [π(Ek)]〉
⊥ → 0,
where π : X → Y is the quotient morphism and 〈. . .〉⊥ is taken inH2e´t(Y,Z/2Z).
The left term is of dimension 4 in case (2) and 2γ in case (3). Since
H2e´t(X,Z2)
g=1 is of rank r and with discriminant group (Z/2Z)a, and π∗H2e´t(Y,Z2)
is of rank r and with discriminant group (Z/2Z)r (sinceH2e´t(Y,Z2) has trivial
discriminant), we have H2e´t(X,Z2)
g=1/π∗H2e´t(Y,Z2)
∼= (Z/2Z)(r−a)/2 and we
deduce from the Tor exact sequence that dimF2 π
∗H2e´t(Y,Z/2Z) = (r+a)/2,
and hence the middle term is of dimension 22− (r+a)/2. We will show that
the right term is of dimension r − k. To show this it suffices to show that
(a0, . . . , ak) ∈ {0, 1}
1+k satisfies a0[π(E0)] + a1[π(E1)] + · · · + ak[π(Ek)] ∈
2Pic(Y ) if and only if ai are either all 0 or all 1. “All 1” is a solution since
it corresponds to the double covering X → Y . A third solution induces
another double covering Y ′ → Y , with Y ′ ×Y X → X unramified, which is
impossible since a K3 surface has trivial fundamental group. Then we have
22 − (r + a)/2 = 4 + r − 1 in case (2) and 22 − (r + a)/2 = 2γ + r − k in
case (3).
Combining the two equalities, we obtain (r, a) = (10, 8) in case (2) and
obtain the asserted values of γ and k in case (3).
The final assertion is clear in cases (1) and (2), and in case (3) we have
(Fix(g))2 = 2γ − 2− 2k = 20− 2r. 
Proof of Theorem 8.2. Let S′µ(p) be the set on the right hand side of the
statement. If n is a positive integer not divisible by p then µn-action is
equivalent to the action a cyclic group of order n and, as noted in Remark
8.1, Keum [Keu16, Main Theorem] proved that n is the order of some au-
tomorphism of a K3 surface in characteristic p if and only if n ∈ S′µ(p)
(equivalently n ∈ Sµ(0)),
If n ∈ S′µ(p) and p | n, then the examples given in Example 9.6 show that
n ∈ Sµ(p).
Now take n ∈ Sµ(p) and assume p | n. Write n = p
er with p ∤ r. Since
a smooth K3 surface never admits a µp-action, an example X should have
an RDP z. Since µpe-fixed RDPs can be blown up, we may assume z is not
µpe-fixed. Such RDPs are classified in Proposition 4.12. We show in each
case that n belongs to S′µ(p).
Suppose z is Dm or Em. Let µpfs = Stab(z) ⊂ µper (with p ∤ s). Then
the pair (z, pes) appears in Table 5 and we have (r/s)m < 22. Then we
observe that n ∈ S′µ(p) except in the following cases: (p, n, s, (r/s)z) =
(2, 54, 9, 3E07 ), (2, 40, 5,D
0
21), (2, 34, 17,D
0
18), (2, 34, 17,D
0
19). These exceptional
cases do not occur, since it follows that µs acts on the classes of the ex-
ceptional curves trivially, which gives a too large invariant subspace of
H2e´t(X,Ql) for an order s automorphism (which should act on H
2
e´t faith-
fully with a characteristic polynomial with coefficients in Q).
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Suppose z is Am′−1. Let µpfs = Stab(z) ⊂ µper (with p ∤ s). We have
0 ≤ f < e. It follows from Proposition 4.12 that pe−f | m′, so write
m′ = pe−fm with m ≥ 1, and that µpf t acts on z symplectically where
either s = t or (s, t) = (2, 1). Then X/µpf t has (r/s)Apf tm′−1. We have
22 > (r/s)(pf tm′ − 1) = (r/s)(petm − 1) ≥ r(t/s)m(pe − 1). If s = t then
this implies (pe − 1)r ≤ (pe − 1)rm < 22, and if (s, t) = (2, 1) then this
implies (p 6= 2 and) 2 | r and (pe − 1)r ≤ (pe − 1)rm < 44. We observe that
this condition implies either n ∈ S′µ(p) or (p, n) = (5, 40), (3, 48), (2, 34). We
show that the latter cases are impossible.
If (p, n) = (3, 48), then (m, s, t) = (1, 2, 1). Since µs does not act sym-
plectically, the generator of µ16 acts on H
0(X˜,Ω2) by a primitive 16-th root
of unity. By Lemma 8.3(4), X˜ cannot be supersingular. If X˜ is of finite
height, then by Lemma 8.3(3) we have rankT (X˜) ≥ φ(16) = 8 and we have
ρ(X˜) > 8 · 2 = 16 (from 8A2), contradicting ρ+ rankT (X) = 22.
If (p, n) = (2, 34), then (m, s, t) = (1, 1, 1). Let ei (i ∈ Z/17Z) be the
exceptional curves above the µ17-orbit of z, numbered in a way that a gen-
erator g ∈ µ17 acts by g(ei) = ei+1. Let L ⊂ Pic(X˜) be the sublattice
generated by ei’s and L
′ = Pic(X˜) ∩QL its primitive closure.
First suppose X˜ is of finite height. Then, since the embedding Pic(X˜)→
H2crys(X˜/W (k)) is primitive by Lemma 8.3(2), we have dimF2(L
′∗/L′) ≤
22 − rankL′ ≤ 5. Since dimF2 L
∗/L = 17, we have L ( L′. Let V ⊂ 2Z/17Z
be the set of subsets S ⊂ Z/17Z such that (1/2)
∑
i∈S ei ∈ Pic(X˜). Then V
is a nonzero g-stable F2-vector space, and we can identify it with a nonzero
F2[x]-submodule M of F2[x]/(x17 − 1). Clearly M = Q(x) · F2[x]/(x17 − 1)
for some Q(x) ∈ F2[x] dividing x17 − 1. Using the factorization x17 − 1 =
(x− 1)F17,1(x)F17,2(x) in F2[x], where
F17,1(x) = x
8 + x7 + x6 + x4 + x2 + x+ 1 and
F17,2(x) = x
8 + x5 + x4 + x3 + 1,
it follows that M contains at least one of
(x17 − 1)/(x − 1) = x16 + · · · + 1,
(x17 − 1)/F17,1(x) = x
9 + x8 + x6 + x3 + x+ 1, or
(x17 − 1)/F17,2(x) = x
9 + x6 + x5 + x4 + x3 + 1.
Hence there exists a set S ∈ V with |S| = 17 or |S| = 6. But then
((1/2)
∑
i∈S ei)
2 = (1/2)2 · |S| · (−2) 6∈ 2Z, contradiction.
It suffices to show that no supersingular K3 surface X in characteristic
2 admit an automorphism g of order 17 with 17 smooth rational curves ei
(i ∈ Z/17Z) with g(ei) = ei+1. Suppose there is such X. Since L⊥ ⊂ Pic(X)
is indefinite of rank 5, there exists a primitive class [E] with E2 = 0. As
usual, we may assume E is nef. We have a genus one fibration X → P1
with E being the class of a fiber. Since E · ei = 0, the curves ei are fibral.
By replacing X → P1 with its Jacobian, we may assume this fibration has
a section Z. Then X admits a Weierstrass form
F = y2 + a1(t)xy + a3(t)y + x
3 + a2(t)x
2 + a4(t)x+ a6(t) = 0
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with ai(t) ∈ k[t] of degree ≤ 2i. Since [E] and [Z] are g-invariant (since
[E], [Z] ∈ L⊥), this equation is g-invariant. We may assume g(t) = bt,
g(x) = cx, g(y) = dy, g(F ) = eF for some 17-th roots b, c, d, e of 1. The
only solutions F satisfying these equalities, under the condition that (F = 0)
having only RDP singularities, are
F = y2 + a31ty + x
3 + a47t
7x+ a62t
2,
for some a31, a47 ∈ k
∗ and a62 ∈ k, up to coordinate change t 7→ t
−1. But
then the surface (F = 0) does not have enough fibral classes. Contradiction.
If (p, n) = (5, 40), then (m, s, t) = (1, 2, 1) and there are 4 non-µ5-fixed
A4. Let X˜ be the resolution of X and ei,j ⊂ X˜ (1 ≤ i ≤ 4, 1 ≤ j ≤ 4) be the
exceptional curves above the µ4-orbit of z, numbered in a way that ei,j and
ei′,j′ intersect if and only if i = i
′ and |j−j′| ≤ 1, and a generator g ∈ µ8 acts
by g(ei,j) = ei+1,j for 1 ≤ i ≤ 3 and g(e4,j) = e1,5−j . (The µ2-action being
non-symplectic implies g4(ei,j) = ei,5−j .) Therefore Fix(g
4) ∩ (
⋃
i,j ei,j) =
{p1, . . . , p4}, where {pi} = ei,2 ∩ ei,3.
By Lemma 8.3(4), X˜ cannot be supersingular. Hence ρ(X˜) = 22 −
rankT (X) ≤ 18. Hence X can have no more non-µ5-fixed RDPs, and we
may assume X have no more RDPs.
Let L1 = 〈ei,j〉 ⊂ Pic(X˜) be the sublattice generated by the exceptional
curves and L2 = L
⊥
1 ⊂ Pic(X˜). The characteristic polynomials of the actions
of g∗ on L1, L2, and T (X) are respectively (x
8−1)2 (by above), (x−1)(x−ε)
for some ε ∈ {±1} (since there is a g-invariant ample class), and x4 + 1 (by
Lemma 8.3(3)).
Let C = Fix(g4) ⊂ X˜ . Since g4 is non-symplectic and of order 2,
this is a (not necessarily connected) smooth curve. Let
∏
j∈{1,2,4,8} Φj(x)
aj
(resp.
∏
j Φj(x)
bj ), aj, bj ∈ Z, be the characteristic polynomial of g on⊕
i(−1)
iH ie´t(X˜,Ql) (resp.
⊕
i(−1)
iH ie´t(C,Ql)). By above we have a8 = 3,
and a2 = 2, 3 if ε = 1,−1 respectively. By [DL76, Theorem 3.2] applied to
the actions on X˜ and C, we obtain∑
i≥0
(−1)i tr((gj)∗ | H ie´t(X˜,Ql)) =
∑
i≥0
(−1)i tr((gj)∗ | H ie´t(Fix(g
j),Ql))
=
∑
i≥0
(−1)i tr((gj)∗ | H ie´t(C,Ql))
for j = 1, 2, 4. By a straightforward calculation we obtain a2− a8 = b2− b8.
We have b8 = 0 (since g
4 = id on C) and b2 ∈ 2Z (since any automorphism
of a curve acts on detH1e´t trivially since it preserves the pairing on H
1
e´t),
hence ε = −1.
We have r = rankZ2 H
2
e´t(X˜,Z2)
g4=1 = 10, hence C2 = 20− 2r = 0.
Let π : X → Y := X/〈g4〉 and π˜ : X˜ → Y˜ := X˜/〈g4〉. We have π˜(C)2 =
2C2 = 0. Let B′i,j = π˜(ei,j) = π˜(ei,5−j) ⊂ Y˜ . Then φ : Y˜ → Y decomposes
to Y˜
φ1
→ Y˜1
φ2
→ Y , where φ1 is the contraction of four (−1)-curves B
′
i,2 and
φ2 is the contraction of four (−1)-curves φ1(B
′
i,1). Hence Y is smooth. Let
C ′ = φ(π˜(C)) ⊂ Y . By construction all connected components of C ′ are
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irreducible and, since π˜(C) · B′i,2 = 2 and φ1(π˜(C)) · φ1(B
′
i,1) = 2, we have
C ′2 = π˜(C)2 + 4 · 22 + 4 · 22 = 32 on Y .
Being smooth rational of Picard number 2, Y is the Hirzebruch surface Fn
for some n ≥ 0. Since the characteristic polynomial of g∗ on H2e´t(Y,Ql)
∼=
Pic(Y ) ⊗ Ql is (x − 1)(x − ε) with ε = −1, the action of g on Pic(Y )
is nontrivial. The existence of such an action implies n = 0, i.e. Y ∼=
P1 × P1. By the classification of µp-actions on P1 ([RS76, Lemma 2 of
Section 1]), we may assume that the corresponding derivation D is given
by D = ax(∂/∂x) + by(∂/∂y) for a coordinate x, y and some a, b ∈ Fp,
(a, b) 6= (0, 0). If a = 0 or b = 0 then g acts trivially on a subspace of
Pic(Y ) ⊗ Q generated by [Fix(D)] and an ample divisor, which is the full
space Pic(Y ) ⊗ Q, contradiction. Hence a, b ∈ F∗p, and Fix(D) consists of
4 points. Since g preserves Fix(D) we have g(x, y) = (αy±1, βx±1). By
replacing y by αy±1 we may assume g(x, y) = (y, βx±1). Since g preserves
D, the exponent is +1. Since g4 = id and g2 6= id, we have β = −1. Since
g preserves D, we have a = b 6= 0. Since C ′2 = 32 and g(C ′) = C ′ we
have [C ′] = O(4, 4) ∈ Pic(Y ). Then C ′ is connected, hence irreducible.
Let F (x, y) =
∑4
i,j=0 fijx
iyj be the defining equation of C ′ ⊂ Y . Since
C ′ is stable by g2 (resp. D), all nonzero monomials of F have the same
i+ j modulo 2 (resp. modulo 5). Hence F is homogeneous, hence reducible.
Contradiction. 
9. Examples
For a projective variety with projective coordinate (xi), we use the nota-
tion wt(xi) = (ni) to mean that wt(xj/xi) = (nj − ni) on the affine piece
(xi 6= 0) for each i. Note that wt(xi) = (ni) is equivalent to wt(xi) = (a+ni).
We use a similar notation for subvarieties of P(3, 1, 1, 1).
In this section we only consider faithful actions.
9.1. Symplectic actions.
Example 9.1 (Symplectic µ4×µ4-action). The quartic surface X = (w4+
x4 + y4 + z4 + wxyz = 0) in characteristic p = 2 is an RDP K3 surface.
It has 6 RDPs, all of type A3, at the points where two of w, x, y, z are
0 and the others are 1. This surface admits a symplectic action of G =
H1 × H2, where H1 = µ4 and H2 = µ4 act by wt(w, x, y, z) = (0, 0, 1,−1)
and wt(w, x, y, z) = (0, 1, 0,−1) respectively.
With respect to the action of the subgroup scheme µ2 ⊂ H1, the 2 RDPs
at (0, 0, 1, 1) and (1, 1, 0, 0) are fixed and the other 4 RDPs are non-fixed and
non-maximal. The quotient surface by this µ2-action is (W
2 +X2 + Y 2 +
Z2 + AB = WX − A2 = Y Z − B2 = 0) in P5, where W = w2, . . . , Z = z2
and A = wx,B = yz, with 2 RDPs of type A7 at (Y = Z = B =W +X =
W + A = 0), (W = X = A = Y + Z = Y + B = 0) and 4 of type A1 at
(WX = A = Y Z = B =W +X + Y + Z = 0).
The quotient morphism by the subgroup scheme µ2 × µ2 (resp. the full
group G) is the relative Frobenius morphism X → X(2) (resp. X → X(4)).
Example 9.2 (Symplectic µ3 × µ3-action). The surface X = (v
3 + w3 +
x3 + y3 + z3 + vwx = v2 − yz = 0) ⊂ P4 in characteristic p = 3 is an
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Table 7. Examples of symplectic µn-actions on RDP K3 surfaces
n p monomials wt(w, x, y, z)
5 5 w3x, x3z, z3y, y3w,w2z2, wxyz, x2y2 1, 2, 3, 4
6 2, 3 w4, wy3, wxyz, x3z, z4, w2z2, x2y2 0, 1, 2, 3
7 7 w4, x3z, z3y, y3x,wxyz 0, 1, 2, 4
8 2 w4, x4, y3z, yz3, wxyz 0, 2, 1, 5
RDP K3 surface, and has 2A5 at (1, 0, 0, 1, 1), (0, 1,−1, 0, 0) and 4A2 at
(0, 1, 0,−1, 0), (0, 1, 0, 0,−1), (0, 0, 1,−1, 0), (0, 0, 1, 0,−1). This surface ad-
mits a symplectic action of G = H1 × H2, where H1 = µ3 and H2 = µ3
act by wt(v,w, x, y, z) = (0, 1,−1, 0, 0) and wt(v,w, x, y, z) = (0, 0, 0, 1,−1)
respectively. Let D1,D2 be the corresponding derivations. The fixed points
of D1 (resp. D2) is the first (resp. second) A5 point. The fixed points of
D1 + D2 (resp. D1 − D2), which corresponds to the diagonal (resp. anti-
diagonal) subgroup of G, are the first and the fourth (resp. the second and
the third) A2 points. The quotient morphism by G is the relative Frobenius
morphism X → X(3).
Example 9.3 (Symplectic µn-action (n = 5, 6, 7, 8)). For each n = 5, 6, 7, 8,
let F be a linear combination of the monomials listed in Table 7, in charac-
teristic p, and then X = (F = 0) ⊂ P3 admits a µn-action with the indicated
weights. If F is a generic such polynomial, thenX is an RDP K3 surface and
the µn-action is symplectic. The fixed locus is X ∩ {(1, 0, 0, 0), (0, 1, 0, 0),
(0, 0, 1, 0), (0, 0, 0, 1)}.
For example, for n = 5, 6, 7, 8 respectively, the polynomials with coef-
ficients (1, 1, 1, 1, 0, 0, 0), (1, 1, 1, 1, 1, 0, 0), (1, 1, 1, 1, 1), (1, 1, 1, 1, 1) satisfy
the condition.
9.2. Non-symplectic actions.
Example 9.4 (Non-symplectic µ2-action with Enriques quotient in charac-
teristic 2). Following [BM76, Section 3], let L1, L2, L3 be three linear poly-
nomials in 12 variables and let X ⊂ P5 be the intersection of three quadrics
F1, F2, F3 defined by Fh = Lh(x
2
k, xixj, y
2
k, yixj+xiyj+yiyj)1≤k≤3,1≤i<j≤3 ∈
k[x1, x2, x3, y1, y2, y3]. Then for generic Lh, X is an RDP K3 surface (with 12
RDPs of type A1), µ2 acts on (P5 and) X by wt(xi, yi+xi) = (0, 1) without
any fixed point on X, and the quotient X/µ2 is an Enriques surface.
Example 9.5 (Non-symplectic µ2-action with rational quotient in charac-
teristic 2). The quartic surface w2(xy+ z2)+x4+ y4+ z4+ yz(y2+ z2) = 0
is an RDP K3 surface, and the µ2-action with wt(w, x, y, z) = (0, 1, 1, 1) is
non-symplectic. The fixed locus consists of the curve (w = 0) and the RDP
(x = y = z = 0) of type A1. The image of this RDP in the quotient surface
is a non-RDP singularity.
In the following example, for two polynomials A(t), B(t) with degA ≤
8 and degB ≤ 12, “the elliptic (or quasi-elliptic) surface defined by the
equation y2 = x3 + A(t)x + B(t)” is an abbreviation for the projective
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surface that is the union of four affine surfaces
Speck[x, y, t]/(−y2 + x3 +A(t)x+B(t)),
Speck[x′, y′, t−1]/(−y′2 + x′3 + t−8A(t)x′ + t−12B(t)),
Speck[z, w, t]/(−z + w3 +A(t)wz2 +B(t)z3),
Speck[z′, w′, t−1]/(−z′ + w′3 + t−8A(t)w′z′2 + t−12B(t)z′3),
glued by the relations x′ = t−4x, y′ = t−6y, z = y−1, w = xy−1, z′ =
y′−1 = t6y−1, w′ = x′y′−1 = t2xy−1. For generic A and B this is an RDP
K3 surface.
Example 9.6 (Non-symplectic µn-actions). Table 8 proves the existence
part of Theorem 8.2 for n divisible by p. The first group consists of elliptic
(or quasi-elliptic) RDP K3 surfaces, the second of double sextics, and the
third of quartics. Only the non-µn-fixed RDPs are listed, except in the
example for (p, n) = (2, 32) the D020 point is fixed and after blowing-up this
point we find a non-fixed D018 point.
The examples are characteristic p reductions of the examples in charac-
teristic 0 obtained respectively by Brandhorst [Bra16, Theorem 6.6], Keum
[Keu16, Example 3.2], Kondo [Kon92, Sections 3 and 7], and Oguiso [Ogu93,
Proposition 2], except that for the ones marked “?” we could not find a ref-
erence. An asterisk means that we made a coordinate change t 7→ t−1.
9.3. µp-actions on abelian surfaces. As showed in Theorem 6.3, the non-
trivial µp-actions of abelian surfaces A, up to automorphisms of µp, are
precisely the translations by subgroup schemes of A[p] isomorphic to µp.
Remark 9.7. In the case of finite order automorphisms on abelian surfaces
there are examples with non-abelian quotients. Kummer surfaces in charac-
teristic 6= 2 are the resolution of the RDP K3 quotient (with 16A1) by the
symplectic involution x 7→ −x on abelian surfaces (for characteristic 2 see
Remark 3.5). Also certain non-symplectic (or sometimes symplectic) actions
give (quasi-)hyperelliptic quotients. It seems that there are no µp-analogue
of these actions.
Remark 9.8. If we consider rational vector fields (i.e. possibly with poles) of
multiplicative type there are other kinds of examples. See [KT89, Example
6.2] for a rational vector field of multiplicative type on an abelian surface
(in characteristic 2) with a general type quotient.
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